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This monograph i1s intended for an advanced undergraduate or graduate
Jl, -

‘_7‘ ¥}

course as well as for the researchers who want a compilation of developments
in this rapidly growing field of operations research.. This 1s a sequel to
our previous work entitled '"Multiple Objective Decision Making--Methods and
Applications: A State—of—thefArt Survey," (No. 164 of the Lecture Notes).

The literature on methods and applications of Multiple Attribute Decision

Making (MADM) has been reviewed and classified systematically. This study

s\"

proyides rcaders with a capsule look into the existing methods, their char-
acteristics, and applicability to analysis of MADM problems.

The basic MADM concepts are defined and a standard notation is introduced
2
in Part II. Also introduced are foundations such as models for MADM, trans-
_ o o )
formation of attributes, fuzzy decision rules, and methods for assessing

weight. e

A system of classifying seventeen major MADM methods is presented. These
,))‘\/l

o

methods have been proposed by researchers in diversified disciplines; half
of them are classical ones, but the other half have appeared recently. The

basic concept, the computatlonal procedure, and the charactéristics of each
10
of these methods are presented concisely in Part II1. The computational

P

procedure of each method is illustrated by solving a simple numerical example.

b LTS

Part 1V of the survey deals with the applications of these MADM methods.
- v ure e Yy
The literature has been classified into selection of commodity, site, people,

project, public facility, etc. A summary of each reference on applications

1s given,
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A choice tule for MADM methods, a unified approach to MADM problems,

and proposed future study are presented in Part V.
Ny
An updated bibliographical listing of twenty-five books, monogéaphs or

o p e e 5
conference proceedings, and about 500 selected papers, reports or theses is

presented
- Sy )Lo v_,p L/)‘)[_,Vc

Jy '
We are indebted to the’ outstandlng pioneering survey of this field done

by Dr. Kenneth R. MacCrimmon in 1968 and 1973; and to Professors Doris Grosh,

. Ao
William Schenck Hamlin and P. L. Yu for their various comﬁgﬁts and suggestions.

S o
The first draft was used in the first author's Spring 1980 class of ''Advanced

Topics in Operations Research.' Dale G. Finkner, M. H. Lee, M. J. Lin,

Gl

Cyrchia 3. McCahen, K. S. Raju, and Larry M. Styecker have tested and critically
A s

evaluated many methods. Special thanks are due to Merla Oppy for typing and

Jean Burnham for editing. "

This study was partly supported by the Office of Naval Research, and

Department of Energy.

C. L. Hwang . ' Kwangsun Yoon

Kansas State University Fairleigh Dickinson University
Manhattan, Kansas Teaneck, New Jersey

Fall 1580 Fall 1980
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1. INTRODUCTION

VL

Multiple criteria decision making (MCDM) refers to making decisions
2978 L D )
in the presence of multiple, usually confllctlng, criteria. Problems for multiple
criteria decision making are common occurrences in everyday life. For example:

In a personal context, the job one chooses may depend upon its prestige,

location, salary, advancement opportunities, working conditions, and so on.

““”vwﬁﬂw
The car one buys may be characterized in terms of price, gas mileage, style,
1 Sl
safety, comfort,etc. A young man/woman may choose a wife/husband based on
Lol - ™ s, b .
her/his intelligence, 1ooks, character, etc.
s \fJ
In a business context, a business executive's choice of corporate strategy
M\/) o, 8

may depend on the company's earnings over a period of time, its stock price,

v P -
X / N . . !
share of market, goodwill, labor relations, corporate image, obligation to

67 . . . .
society, and so forth., Automobile-manufacturers in Detroit want to design a

W'
model which ma11mrzes fuel efficiency, maximizes riding comfort, minimizes

production cost, étc.

In an academic context, a university administrgtor's selection of the
- 27
future configurations of  the unlver51ty would be based on number of regular
, o ulu ey Ul ;‘L,’ (Vv (o,
faculty, number, of. aux111ary faculty, undergraduate enrollment graduate en-
H/fv = [ ,), )/9-’ Lafw
rollment, tuition level, faculty leverage, new programs, and net improvement, etc.

. ‘ -z,
In a public context, the water resources development plan for a comﬁunlty
- . )))J..,' .
should be evaluated in terms of cost, probability of water shortage, energy !

33t £e d v L).'p

(reuse factor), recreatlon flood protection, land and.forest use, water
,»/,,

quality, etc.
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/{,W/{""
In a government context, the Department of Transportation should devise a
-, :7
transportation system which would minimize travel time, departure delays, arrival
o) . - é/z ,”W Sl
delays, fare cost, and so on. The choice of missile systems for the Air Force
-/'L b 2250 LA ¢/ I ANAY
would be based on speed, yleld, accuracy, range, vulnerability, reliability, etc.

Cied oLy

The problems of MCDM are widély diverse. However, even with the diversity,
all the problems which are considered here share the following common char-
acteristics:

Multiple objectives/attributes. Each problem has multiple objectives/

attributes. A decision maker must generate relevant objectives/attributes for

each problem setting.

YA
Conflict wnony criteria. Multlple cuiteria usazily conflict with cach other.

For example, in designipg a car, the objective of higher gas mileage might reduce

r-?v:/) KSf’\"“ : .

the comfort rating due to the smaller passenger space. } -
- U3, i

Incommensurable units. Each objective/attribute has a different unit of

measurement. In the car selection case, gas mileage is expressedsby miles per
gallon (MPG), comfort is by cu ft 1f it is measured by passenger space, safety
’:’ y t-/

RS . . C e -
may be indicdted in a nonnumerical way, cost is indicated by dollars, etc.

Design/selection. Solutions to these problems are either to design the

best alternative or to select the bLest one among previously specified finite

alternatives. The MCDM process involves designing/searching for an alternative

w

R .
that is the most attractive over all criteria (dimensions).

One may notice that there exist two alternative sets due to the different
probleﬁ settings: one set contains a finite number of elements (alternatives),

o ,!( - \_}L;‘\l‘ . - el
and the other has an infinite number. For instance a car a customer may purchase
. .\,‘.‘_J/b

(select) is among the available finite models auto companies have produced; but

R
e

EPvA
a model which a certain company mass produced is among the infinite number of

options which engineers may have designed.




¥ 5
The problems of MCDM can be broadly classified into two categories in this
t\.}y U

respect: Multiple Attribute Decision Making (MADM), and Multiple Objective

Decision Making (MODM). In actual practice this classification ié well

fitted to the two facets of problem solving--MADM is<for selection (evaluation }

C‘l"’
MODM is for design. This is a w1de1y accepted c1a551f1cat10n [BM-5, BM-11, 275,

Jr b s
283]. Table 1.1 shows the contrast of the features between these two classes.

Multiple objective decision making (MODM) is not associated with the
T bl
problem where the alternatives are predetermined. The thrust of these models is
JLM- :
to d651gn the 'best' alternative by con51der1ng the various interactions within
Y S L
the design constraints which best satisfy the DM by way of attaining some ac-
Gl ) ot
ceptable levels of a set of some quantlflable objectives. The common char-
} ),)” Uf
acteristics of MODM methods are that they possess (1) a set of quantifiable

objectives; (2) a set of well defined constraints, (3) a process of obtaining
v},(,
some tradeoff information,implicit or explicit, between the stated quantifi-

able objectives and also between stated or unstated nonquantifiable objectives.
}u’

Thus MODM is assoc1ated with design problems (in contrast to selection problems

for the MADM).

L
V2,87
Literature on MODM methods and applications has been reviewed exténsively
by Hwang .and Masud [BM—ll]. - -
vl g | .
The dJstlngulshlng feature of the MADM is that there is wusually a
(:/t/(“} %

limited (and countably small) number of predetermined alternatives. The

alternatives have associated with them a level of the achievement of the "
. ) ) ] BTy .

attributes (which may not necessarily be quantifiable) based on which the

final decision 1s to be made. The final selection of the alternative is made

with the help of inter- and intra-attribute comparisons. The comparisons may

involve explicit or implicit tradeoff.




o f
. ‘/-" - (:, \_\A’/’
(\) /e [

1

Table 1.1 MADM vs MODM
MADM MODM
Criteria (defined by) Attributes Objectives
Objective Implicit Explicit
(111 defined)
Attribute Explicit Implicit
Constraint Inactive Active
(incorporated
into attributes)
Alternative Finite number,bjgmjp Infinite numbeg,mﬂ

Interaction with DM

Usage

discrete (prescribed)

Not much

Selection/Evaluation

continuous (emeTging
as process goes)

Mostly

Design

bl
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previous Research on MADM

Although the effort to introduce the concept of multiple criteria into

§ dy?)

the normative decision making process started within the last two decades,
‘;3(..;

the study on multiple criteria has a long tradition. We notice the earlier

works by the researchers in many disciplines: management science, economics,
h s,
psychometrlcs marketing research, applied statistics, decision theory, and
py €20 : U
so on. They Confront multiple criteria in quite different situations. Con-

sequently each area has developed method(s) for its own particular usage.

For example:

Decision theory. Maximin, prior probability, utility theory.

Economics. Pareto optimality, von Neumann-Morgenstern utility, social
2l .
3 welfare function, benefit/cost analysis.

ERIIEW
Statistics. Multivariate regression, discreﬁgacy analysis, factor 'analysis.
K1 \ﬁ'"ffy T
; Psychometrics./ Multidimensional scaling, conjoint measurement.
uF NPV
Their orientation and motivation is mostly to explain, rationalize,
\9 \ yﬂ

understand, or predapt decision behavior--not to guide the decision making. If

A

o

Ya o ) » . - - -
we define MADM in a narrow sense as decision aids to help a DM identify the
1 ,,.::r\'/

best alternative that maximizes his/her satisfaction with respect to more than

one attribute, many of the above approaches may not be directly used in MADM

. Iy /(sn\()(,w
situations. But it should be recognlzed that the above methods/theorles have

""\)’L U‘J(‘*) ‘*Ag/'/
been the basis in the development of MADM. The substantial advancement of MADM

has been made in the last two decades.
)t
It was -Churchman, Ackoff, and Arnoff [57] in 1957 who first treated a MADM -

problem (selecting business investment policy)} formally using simple additive
weighting method. Many potentially useful concepts/methods for MADM had been

N o4
i

-laid aside until 1968 when MacCrimmon [273]) reviewed the methods and the appli-

cations of the MADM. He classified his collection ofusen methods according to

. LY
the number of dimensionality (single, intermediate, full) of attribute treatment.
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Delft [BM-18] have a monograph on ELECTRE. A recent text by Nijkamp [BM-17a)

In his second review [275] in 1973, more methods are added and grouped accordlng

of
L//"JVJ‘
to the structure of method, compensatoriness, preference input, etc. It is

//~/¥»“
rather surprising that little effort has been given on the review of MADM since

then. The literature on MADM is briefly treated in some of the MCDM reviews
such as (304, 385].
We have seen rapid theoretical development in multiattribute utility theory

(MAUT) which is a solution approach of MADM under uncertainty. It started with
. 6 i)
simple additive utility and has gone to qua51 -additive (multiplicative form) and

-

multilinear utility function. There are several reviews on this field: Fish-

burn [120, 126], Huber [196, 197], and Farquhar [98]'s reviews on MAUT are ex-
AV

haustlve and theoretically in-depth. Keeney and Raiffa [BM-13] published a
voluminous text basically on MAUT.
Multiple criteria decision making problems have been presented in books and

monographs. Table 1.2 shows the classification. Several symposium proceedings

and collected papers presenting recent progress (1973-1978) in theory, method,

and applications on MCDM have been edited by Cochrane and Zeleny [BM-4], Leitman
and Marzollo [BM-16], Wendt and Vleck [BM-22], Thiriez and Zionts [BM—Zl],!Zeleny

[BM-24], Bell, Keeney and Raiffa [BM-3], Starr and Zeleny [BM-20], and Zionts

1) e van Eh

[BM-24]. However, only a small number of articles in these volumes deal with
G bt
MADM problems except on MAUT.
Barret [BM-1] and Easton [BM-6] published texts on MADM. Especially on
multidimensional scaling there are several books available: Bechtel [BM-2],

¥ i*

Green et al. [BM-9, BM-10], Krushkal [BM-14], Shepard [BM-19]. Nijkamp and vah

L L b

covers both MODM and MADM areas.

pbjectives of the Present MADM Review

IR WA
The rapid progress of MADM in recent years makes necessary a thoroubh review

of the existing literature and a systematic classification of methods. In addition

to reviewing the methods, we will also review the actual or proposed applications

nf theer methods Some basic concepts and tcrminoiogy will be defined so that we

A— —




<9 nJL//
Table 1.2 <Classification of Books, Monographs and Conference Proceedings

Class References

% A. Directly related to the topic

Books BM-1, BM-2, BM-6, BM-8, BM-9, BM-10,
BM-13

Monographs BM-7, BM-14, BM-17, BM-18, BM-17a

Edited conference proceedings BM-3, BM-4, BM-15, BM-16, BM-19,

BM-20, BM-21, BM-22, BM-23, BM-24

B. Indirectly related to the topic BM-5, BM-11, BM-12

I




can explain the literature with a unified notation of the most used terms.
This review will provide readers with a capsule look into the existing
methods, their characteristics, and applicability to analyzing MADM problems.

Classification of MADM Methods

Y-
¥ AL
7

The decision makers' judgments vary in form and depth. One may not indicate%

his preferences at all, or may represent his preference through the form of

attribute or alternative. The degree of judgment skill also varies. For instancé

. g Y
we may list the different preference information on attributes by the ascending
u:‘,v; e

order of complexity: standard level, ordinal, cardinal, and marginal rate of

A8 . . . . . .
‘" substitution. MADM methods are introduced to meet these various situational
o7 ‘
judarments, We classify methods for MADM based upon different forms of prefererce
information from a DM. A taxonomy of MADM methods is shown in Fig. 1.1. The

classification has been made in three stages: Stage I: the type of information

(attribute or alternative or neither) needed from the DM; Stage II: the salient

feature of the information neéded; Stage I1I1: the major methods {n any
branch formed*frbm Stages I and II. Finally in Table 1.3, all references are
classified according to the methods in Step III.

Before going into the actual review, some key concepts and notations will
be defined in Part II so that we can explain the literature with a unified
notation of the most used terms. Also in Part Il some supporting techniques
for MADM, such as transformation of attributes and assessment of attribute
weights,, are discussed. In Part III, the literature dealing with Fhe techniques
of MADM will Ee reviewed and classified. The EBmputational procedure of each
method is illustrated by solving a few simple numerical examples. In Part IV,
the literature dealing with the actual or proposed applications of MADM methods

will be reviewed. Finally a bibliography of works related to MADM is given.
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‘Table 1.3 Classification of references on multiple attribute decision making.

Rt e n s ey s s o

CLASS

REFERENCES

1. Methods of No Information Given:

1.1.1. Dominance
1.1.2 Maximin

1.1.3 Maximax

2. Methods for Information on

Attribute Given:

2.1. Methods for Standard Level
of Attribute Given

2.1.1 Disjunctive Method
(Satisficing Method)

2.1.2 Conjunctive Method

‘2.2. Methods for Ordinal Infor-
mation of Attributes Given

2.2.1 Lexicographic Method

2.2.2 Elimination by Aspect

2.2.3 Permutation Method

2.3. Methods for Cardinal
Information of Attribute
Given

2.3.1 Linear Assignment Method

2.3.2 Simple Additive Weighting
fethod

2.3.3 Illierarchical Additive
Weighting Method

2.3.4 ELECTRE

2.3.5 TOPSIS

23, 44, 163, 400, 426, 443, 444, 445

19, 133, 273, 436, 437, 440

70, 133, 273, 299, 178a

3, 14, 70, 88, 240, 311, 319, 334, 373

406 é -

-

26, 75, 93, 120, 191, 269, 322, 409
28, 410, 410a, 410b |

315

25, 35

1, 56, 62, 85, 86, 87, 90a, 91, 108,
127, 151, 152, 153, 154, 155, 156,
214, 239a, 267, 268, 309, 356, 358,
416 _ :

51, 350, 374, 401

67, 158, 169, 205, 206, 264, 297,
303, 345, 347, 348, 349, 413

66, 440a, 440b

3
3
e
k'
3
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s s

Z;able 1. 3 (continued)

1

2.3.6 Others

2.4. Methods for Marginal
Rate of Substitution of
Attribute Given

2.4.1 Hierarchical Tradeoffs
Methods

Methods for Information on
Alternative Given:

3.1. Methods for Pairwise Preference

Information Given

3.1.1 LINMAP

3.1.2 Interactive Simple Additive
Weighting Method

3.2. Method for Order of Pairwise
Proximity Information Given

3.2.1 Multidimensional Scaling with
Ideal Point

19, 84, 180, 182, 243, 436, 437

63, 175, 274, 276, 277, 278, 428

206, 321, 380, 381

249, 467

-

58, 94, 183, 190, 239, 242, 252, 253, 255,
280, 343, 394, 427, BM-8, BM-9, BM-10
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Because of the broad interdisciplinary character of this field, the
literature is diversified in many journals as shown in Table 1.4. Journals
in which MADM articles appear frequently are indicated in the list,

Although we have tried to give a reasonably complete survey, those papers
not included were either inadvertently overlooked or considered not to bear
directly on the topics in this survey. We apologize to both the readers and

the researchers if we have omitted any relevant papers.
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Table 1.4 List of Journals Relevant to MADM

1. Academy of Management Jol.
2. American Economic Review

3. American Jol. of Psychology

4. American Jol. of Sociology

5. American Political Science Review

6. American Psychologist

7. American Sociological Review

8* Annals of Economic & Social Measurement
9. Annals of Mathematical Statistics

10. Annals of Statistics

11. Annual Review of Psychology

12. Applied Economics

13* Behavioral Science

14* Bell Jol. of Economics § Management Science
15. Biometrica

16. Bulletin of the American Mathematical Society

17. Cognitive Psychology

18* Computers & Operations Research, An International Journal
19* Decision Sciences

20* Econometrica

21, Economica

22. Economic Jol .
23* Engineering Efenomist

4 24T Harvard Busin&ss Review
{ 25. Human Factors?

26. IEEE Transactions on Engineering Management

27. IEEE Transactions on Reliability '

4 287 IEEE Transactions on Systems Science and Cybernetics
i 29. International Economic Review

i 30. International Encyclopedia of the Social Science

31. Israel Jol. of Mathematics

32, Jol. of Abnormal § Social Psychology
33. Jol. of Accounting Research

34, Jol. of Advertising Research

35* Jol. of American Institute of Planners

S L it R

i 306* Jol. of American Statistical Association
37. Jol. of American Statistical Society
38. Jol. of Business

39* Jol. of Consumer Research

40. Jol. of Economic Theory

-
Indicates MADM articles appear frequently in this journal.




41.
42.
43.
44,
45,

46.

47%

48.
49.
50.

51%
52.
53.
54.
55%

56.
57.
56.
597
60.

61*
62.
63.
64.
65.

65%
67%
68%
69
70%

71.
72.
73.
74%
75.

76.
77.
78.
79.
80.

ol*
82,
83.
84,
85.

*
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Jol, of Experimental Psychology

Jol. of Finance

Jol. of Financial and Qualitative Analysis
Jol. of Financial Economics

Jol. of Industrial Engineering

Jol, of Marketing

Jol. of Marketing Research

Jol. of Mathematical Analysis and Applications
Jol. of Mathematical Economics

Jol, of Mathematical Psychology

Jol. of Optimization Theory § Applications
Jol. of Personality and Social Psychology
Jol. of Political Economy

Jol. of Purchasing

Jol. of Regional Science

Jol. of Social and Clinical Psychology
Jol. of Social Psychology

Jol. of sSymboiic Logic

Jol. of the Market Research Society
Jol. of the Royal Statistical Society

Management Science

Mathematical Programming
Mathematics of Operations Research
Multivariate Behavioral Research
Naval Research Logistics Quarterly

OMEGA

Operations Research

Operations Research Quarterly ]
Organizational Behavior § Human Performance
Papers, Regional Science Association

Philosophy of Science.-
Psychological Bulletin
Psychological Review
Psychometrika
Psychonomic Science

Public Administration Review
Quarterly Jol. of Economics

Review of Economics and Statistics
Review of LEconomic Studies

SIAM Jol. on Applied Mathematics

Sloan Management Review

"Social Indicators Research

Southern Economic Jol.
Synthcse
The Quarterly Jol. of Economics

Indicates MADM articles appear frequently in this

journal,
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t 86. The Review of Economic Studies

g§7* TIME Studies in the Management Science
g8. Transfusion
89. Transactions of the American Mathematical Society

.: 90. Urban Analysis

9g1* Water Resources Bulletin

B g2* Water Resources Research

—

*
Indicates MADM articles appear frequently in this journal.
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I1. BASIC CONCEPTS AND FOUNDATIONS

1. DEFINITIONS

The four words most used in MCDM literature are: attributes, objectives,

goals and criteria. There are no universal definitions of these terms [BM-13].
Some authors make distinctions in their usage while many use them inter-

pt s b 6

changeably. We will make some distinctions among these words in terms of

their usage.

1.1. Terms for MCDM Environment

Criteria: A criterion is a measure of effectiveness. It is the basis for

v ""/1';

evaluation. Criteria are emerging as a form of attributes or objectives in the

actuval pioblem setting.

Goals: Goals (synonymous with targets) are a priori values or levels of

»

v . . Y e el
“aspiration. These are to be either achieved or surpassed or not exceeded.

Often we refer to them as constraints because they are designed to limit and
restrict the alternative set. For example, the standard gas milei@e, say 20
[

miles/gallon, set up by the federal government for 1980 models, is a con-

straint, whereas 30 miles/gallon may serve' as a goal for the car manufacturer.
S o)

vy
Attributes: Performance paramcters, components, factors, characteristics,
—_————————

and properties are synonyms: for attributes. An-attribute should provide a

means of evaluating the levels of an objective. Each alternative can be

characterized by a number of attributes (chosen by DM's conception of criteria),

17

i.e., gas mileage, purchasing cost, horsepower, etc. of a car. ) :
RV R ;
_ Objectives: An objective is something to be pursued to its fullest.

_For example, a car manufacturer may want to maximize gas mileage or minimize

~ production cost or minimize its level of air pollution. An objective generally

s
e oo

indicates the direction of chaﬁge desired.

2 e o S s e s e W
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Decision matrix: A MADM problem can be concisely expressed in a matrix

;format. A decision matrix D is a {mxn) matrix whose element xij's indicate

SR

,valuation or value of alternative i, Ai’ with respect to attribute j, X..

% shows the contrast of each alternative with respect to attribute j, Xj.
Czcision matrix [44, 327] is also called goal achievement matrix [180, 182,

 § 416], or project impact matrix [305].
3 Lo lye
Numerical Example (A Fighter Aircraft Selection Problem):
77 .
A country decided to purchase a fleet of jet fighters from the U.S. The

0,’7’ -

23 Pentagon officials offered the characteristic information of four models which

may be sold to that country. The Air Force analyst team of that country agreed

i
K,
3
1
¥4
¥

- ¢ N, o .
\{ et 97 ()Jl ” );[ Py "u"'":) g e Mo . Ve

speed (Xl);\ferry Tange (Xz), maximum payload (XS)’ purchééing cost (X4);freli-

TR

§ ability (Xs), and maneuverability (X6). The values of the six attributes for
s, &

% each model (alternative) are given in Table 2.1.

% The decision matrix for the fighter aircraft selection problem, then, is:

; E

1 '

3 X - X X X X
S .Y 2 3 4 5 6 -

! R Al 2.0 1500 20000 5.5 average very .high

I A2 2.5 2700 18000 6.5 low average

D= A, 1.8 2000 21000 4.5 high ~ high
A4 2.2 1800 20000 5.0 average  average J
‘1 s

that  six characteristics (attributes) should be considered. They are: maximum

¥



Table 2.1 A fighter aircraft selection problem

Attributes (Xj)
Alternatives Maximum Ferry Maximum Acquisition Reliability Maneuverabili
speed range payload cost
6 .
(Ai) {(Mach) {NM) (pounds) ($ x 107) {(high-1low) (high-1low)
Al 2.0 1500 20000 5.5 average very high ;
j
A2 2.5 2700 18000 6.5 low average !
A3 1.8 2000 21000 4.5 high high
A4 2.2 1800 20000 5.0 average average

1.2. MCDM Solutions

»
4

An optimal solution: An optimal solution to a MCDM problem is one which

results in the maximum value of each of the objective functions simultaneously.
That is, x* is an optimal solution!to the problem if x* € X and f(x*) > f(x)

for all x e X.

Since it is the nature of MCDM problems to have conflicting objectives/

attributes, usually there is no optimal solution to a MCDM problem. Looking

at examples:

Fy
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Examgle 1: Examgle 2:

Max f = x, + x Max f. = x

1 1 2 1 2
Max f. = x, - x Max f2 X TN
2 2 1
subject to Xy <3 subject to ) =3
Xy 5_3 X <3
xl, x2 >0 xl, x2 >0

Figure 2.1 shows the decision variable space representation of both ex-
% amples. Figure 2.2 shows the objective function space representation of

% Example 1; let us call this Sl" Figure 2.3 shows the objective function space

i; representation of Example 2; let us call it SZ'
We notice that Example 2 has an optimal solution. This optimal solution 1is
. located at (xl, x2) = (0, 3) where (fl’ f2) = (3, 3); this is shown by peint B

1{ in Fig. 2.3. For Example 1, there is no optimal solution. The maximum value
E | )

of f1 = 6 which occurs at (xl, x2) = (3, 3); the maxinmum values of f2 =3

which occurs at (x,, x2) = (0, 3). Point F in Fig. 2.2 gives f1 = 6 and

& f2 = 3, however, the point is outside the feasible region Sl'

It may be noted that the optimal solution is also known as the superior
% solution or the maximum solution. ‘

ol
An i1deal solution: Optimal solution, superior solution, or utopia

g point [442] are equivalent terms indicating an ideal solution. In a MODM

R

,;iproblem:‘ max [£,(x), f.(x),..., £ ()], X ={x|g.(x)< 0, i =1,2,...,m}, the »
& xex 102 X - '

£ ideal solution is the one that optimizes each objective function simultaneously,

2 l.e., max f.(x3}, 3 =1,2,...,k. An ideal solution can be defined as
r: xeX

'A A* = * * * *

i (fl’ fz} ) f I ) fk)

where f; 1s a feasible and optimal value for the jth objective function. This

ST

- Solution is generally infeasible; if it were not, then there would be no con-

flict among objectives.

L

PP
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2
Decision variable space representation of the feasible

area of Examples 1 and 2.

Fig. 2.1
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Max f] = x] + x2
Max = -

fa =% - X

Fig. 2.2 Objective function space representation of the feasible

area of Example 1.
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Fig..2.3 Objective function space representation of the feasible

area of Exarple 2.
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(o
In MADM it is a hypothetical alternative whose Cartesian product is
o ’ ? U.} 7/
composed of the most preferable values from each attributes given in the
L
decision matrix. Formally,

* = * * ... * R *
A (le X2! } XJJ 3 Xn)
where
x* = max U.(x..), i=1,2,...,m
] i 1]

where U.(-) indicates the value/utility function of the j th attribute. It

l~-’,"L ‘(Ia’ G »*,
should be noted that an ideal solution in MADM is a subJectlve one wiéreas it is
m— ’/"’/ / C/‘“
an objective one in a MODM environment. Hence locatlng an ideal solution is one
el

of the topics in MADM study if a DM uses nonmonotonic value/utility functions.
Though an ideal solution does not actually exist, the concept of an ideal

solution is essential in the development of MCDM methods. For example, a

4_// rfLy
compromise model is based on the idea of obtaining a solutlon (alternative) which

is close to the ideal solution.

Sl
/\..‘
What is then the best solution a DM is supposed to get? It is found in the

set of nondominated soyutions.

Nondominated solutions: This solution is named differently by different
w2 Tt Ly
disciplines: nondomlnated solution, noninferior solution, and efficient solution
* G
in MCDM, a set of adm1551b1e alternatives in statistical decision theory, and

Pareto-optimal solution in economics .

A feasible solution in MCDM is nondominated if there exists no other
« \/ Q}J i
feasible solution that w111 yield an 1mprovement in one objective/attribute

__;,,, e i

/-.,

without causing a degradatlon in at least one other objective/attribute .

" For Example 1, all solutions for X, = 3 and 0<_ xlé_ 3 are nondominated.
In Fig. 2.2, these nondominated solutions are represented by the straight line
BA. It is obvious that all the nondominated solutions must llé;én the boundary

BA of Sy because any point interior to S1 1s dominated by at least one point

on the boundary BA.
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0ty
The nondominated solution concept is well utilized for the initial screen

process in MADM. But the generation of a large number of nondominated solutions

}
)g,-) o
leggens significantly its effect of screening the feasible solutions in MODM;
»{“/
rather the nondominated concept is used for the sufficient condition of the

final solution [44].

Satisficing solutions: A satisficing solution of Simon [373] is a reduced
’ ﬂj(“r G‘b“ /‘2 , 2
subset of the feasible set which exceeds all of the aspiration levels of each

TS
attribute. A set of satisficing solutions is composed of acceptable alter-

o

natives., Satisficing solutions need not be nondominated. This solution‘is

Ra L% had o ’/’_;v,vf"‘
credited for its simplicity which matches the behavior process of the DM whose
AIY ;,; 0 e 791
knowledge and ability are limited-boirnded *atlonQ1)Ty
o
rﬂ)\
A satisficing solution may well te used as the final solution thOugh it 1is

YJO\\_&/‘/’ ‘)\ A.!b'
often utilized for screening out unacceptable solutions.

A preferred solution: A preferred solution is a nondomlnated solution
NI fl
selected as the final choice through the DM's involvement in the gnformatlon
i-‘:/ \‘“
processing. In this respect the MCDM can be referred to as the decision alds

\\

to reach the pfzferred solution through utilizing the DM's preference infor-

mation.

2. MOBELS FOR MADM

A MADM method is a procedure that specifies how attribute information is

to be processed in order to arrive at a choice. There are “two maJor approaches

- 1 , ,f';. " ("- »‘JV‘
in attribute™nformation processing: noncompensatory and compensatory models.
)

The two approaches are compared with the relevant MADM moethds.

- 4,}‘1'/;
2.1 Noncompensatory Model

L

L

Y A/v"
These models do not permit tradeoffs between attributes. A disadvantage
Ty sl ’ Sy i
or unfavorable value in one attribute cannot be offset by an advantage Or

favorable value in some other attribute. Each attribute must stand on its own.



Hence comparisons are made on an attribute-by-attribute basis. The MADM
' T

methods which befggg to this model are credited for their simplicity which

matches the behavior process of the DM whose knowledge and ability are limited.
. ("‘2') .r.x//
They are dominance (1.1.1), maximin (1.1.2), maximax (1.1.3), COﬂJunCtlve
/(/ I(\D’
constraint method (2.1.1), dlsjunctlve constraint method (2.1.2), and

"/‘
1ex1cograph1c~method (2.2.1).
& “/‘g‘rﬂ7
2.2. Compensatory Model

Compensatory models permit tradeoffs between attributes. That is, in

these models changes (perhaps small changes only) in one attribute can be
offset by opposing changes in any other attributes. With compensatory models
a single number is usually essigned to each multidimensional characterization
representing an alternative. Based upon the principle of calculating this

number, compensatory models can be divided into three subgroups:

S inf -
PR LRy
Scorlng model: This model selects an alternative which has the highest

9;7 &‘_\_l\ u&/ ’E/* i
score (or the maximum utility); therefore the problem is how to assess the

Ched e
approprlate multiattribute utility function for the relevant decision situation.

Simple additive weiéhting (2.3.2), hierarchical additive weighting (2.3.3) and

interactive simple additive weighting (3.1.2) belong to this model.
i e
Compromising model: This model selects an alternative which is closest

to the ideal solutiqn. TOPSIS (2.3.5), LINMAP (3.1.1) and nonmetric MDS (3.2.1)

belong to this category. Especially when a DM uses a square utility function,

1dentlficatnon of an 1deal solution is assisted by LINMAP procedures.
o ' ru\ -;

) .
o Conlordance model This model arranges a set of preference rankings which

best satisfies a given concordance measure. Permutation method (2.2.3), linear

signment method (2.3.1), and ELECTRE (2.3.4) are considered to be in this

model.




3. TRANSFORMATION OF ATTRIBUTES

. ) -
e

An alternative in MADM is usually préscribed by two kinds of attributes:
quantitative and qualitative (or fuzzy). In the example of the fighter
aircraft problem, maximum speed, ferry range, maximum payload and cost

are expressed in numerical or quantitative terms (in different units), but
Gl

reliability and maneuverability in nonnumerical or qualitative terms. A

question that arises is how to compare the two kinds of attributes. Further,

R A
how can we treat the nonhomogeneous units of measure (Mach, NM, 1b, §, etc.)?

These are the scaling problems. We are dealing with scaling problems with-

out the concept of utility function.

905

There ave vhrece kinds of scales of mcasurement that can be employed
: O
for the measurement of quantities; ordinal, interval, and ratio [386,

405 ]. An ordinal scale puts measured entities (i.e., alternatiﬁes) iﬁw
rank order but tells nothing of the relative distance between rangs. An
interval scale provides equal intervals between entities and indicates the
: o N e

difference or distances of entities from some arbitrary origin. One out-
standing example is that of the two common temperature scales (notice that
the zero point is different for Fahrenheit and Centigrade scales). The
ratio scale provides equal interv3}s between entities and indicates the
difference or distances from some nonarbitrary origin. Ratio scales
include weight (mg, 1lb, etc.), volumes (cc, cu ft, etc.), cost (cent,
dollar,” etc.), and so forth.

Since the transformation of a qualitative attribute into a ratio scale

is extremely hard, most of the MADM methods resort to either the ordinal

"or the interval scale. The transformation of a qualitative attribute

g 0 T .
e JERE A | PR

into the ordinal scale is much easier than into the interval scale. We




will discuss the transformation of fuzzv attributes into interval scales i

first, then consider the problem of nonhomogeneous units of attributes

after the quantification of fuzzy attributes.

3.1 Quantification of Fuzzy Attributes
g
One of the common ways for convérsion of a qualitative attribute into

an interval scale is to utilize the Bipolar scale [273]. For example, k
we may choose a 10-point scale and calibrate it in one of several ways.

We can start with end points, giving 10 points to the maximum value that
D%
is practically or physically realizable and 0 points to the minimum attribute

value that is practically or physically realizable. The midpoint would also
u/;_.l‘._?/)
be a basis for calibration, since it would be the breakpoint between values

e ae s
that are favorable (or better than average) and values that are unfavorable
(or worse than average) [273].

Consider the attribute of reliability in the fighter aircraft decision
problem: how many points should we assign to the value 'high'? Any value
on the scale between 5.1 and 10.0 will satisfy the high rating; it will be
on the scale and greater than the value assigned to 'average'. COmmAEIy,
values close to 10.0 will be reserved for extremely favorable characteristics; "
thus, for instance, 'very high' might be assigned the value 9.0. This in
turn constrains 'high' to the interval 5.1-8.9. We might assign it the

scale value 7.0. On the low end of the scale, 'very low' might be associated @
iy i

o

with the value 1.0 and 'low' with the value 3.0. These scale values are
diagrammed in Fig. 2.4,

The procedures that derive these numerical values use addition and
i -,_ ._,'.J"' ! v
multiplication operations across attributes; from this, we note several
B A
implications. This type of scaling assumes that a scale value of 9.0 is
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For cost attributes For benefit attributes
0 O

very high 1.0 1.0 very low
high 3.0 {+ 3.0 low

average 5.0 ¢ 5.0 average
low 7.9 ¢+ 7.0 high

very low | 9.0 + 9.0 very high

16.0 4 10.0

Fig. 2.4  Assignment of values for an interval scale.

oo
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three times as favorable as a scale value of 3.0. In addition, it assumes
that the difference between 'high' and 'low' is the same as the difference

between 'very low' and 'average' (4 scale points). Further, the combination
W U;J ,Jdc,‘- 2, L: !
of values across attributes implies that the difference between any two

specific values (say, 'high' and 'low') is the same for each attribute.

It should be obvious that a numerical assignment such as that given
¢, A '
above is highly arbitrary. Many other scales are possible, for example

a scale of (very bad, bad, poor, fair, good, very good, excellent).

Sometimes attempts are made to provide some consistency checks [108].
. (}31»,»
Such checks are desirable but make the scaling procedure a very involved

g !
EGLD g
g

activity posing many hypothetical questions to the DM.

3.2 Normalization o

A normalization of the attribute values is not always necessary, but
it may be essential for some methods, like maximin, simple additive weighting,
S vy
ELECTRE, etc., to facilitate the computational problems inherent to the
presence of the different units in the decision matrix. A normalization

aims at obtaining comparable scales. There are different ways of normalizing

the attribute values.
W

e sy
PR

Vector normalization:  This procedure implies that each row vector

of the decision matrix is divided by its norm [305, BM-18], so that each ‘

normalized value rij of the normalized decision matrix R can be calculated as

. J i ai%xﬂ;u're:
o= = . (2.1

1] e “ n(fkrna]ivﬁ




This implies that all columns (attributes) have the same unit length of
vector.
The advantage of this normalization is that all criteria are measured
in dimensionless units, thus facilitating interattribute comparisons. A
.

drawback is the fact that this normalization procedure does not lead to

measurement scales with an equal length. The minimum and the maximum
. o7
values of the scale are not equal to each criterion, so that a straight

forward comparison is still difficult (due to the nonlinear scale trans-

formatien) [BM-18]. This procedure is utilized in the ELECTRE method and ~

TOPSIS. o0

Linear ccale tronsformation: A siaple procedure is to divide the

outcome of a certain criterion by its maximum value, provided that the

criteria are defined as benefit criteria (the larger xj, the greater pre-

ference); then the transformed outcome of X is

X. .
r.., = —A— (2.2)
1)
X.
J
' * . -
where x. = max X5 It is clear 0 i-rij < 1, and the outcome is more
i

favorable as rij appreaches 1. The advantage of this scale transformation
: U far

is that all outcomes are transformed in a linear (proportional) way, so

that the relative order of magnitude of the outcomes remains equal [BM=18].

In casetof a cost criterion, rij has to be computed as

i3 * : ‘} (2.3)
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When both benefit and cost criteria exist in the decision matrix we
should not use eqs. (2.2) and (2.3) at the same time because their bases
are different, 0 for benefit criterion, 1 for cost. We can treat cost
criteria as benefit criteria by taking the inverse of the outcomes (i.e.,

-
Axll .
1/xij), and vice versa. Then eq. (2.2) for the cost criteria becomes

min x. . min
1/x. . . ij X,
r.. = 1] = 1 = A
iy - - 2.4
1J max (1/x..) X. . X. . ( )
. ij ij ij
i
When the number of benefit criteria is greater than that of the cost
criteria, we treat all attributes as benefit criteria and use eqs. (2.2)
and (2.4) simultaneously.
0 1 : .
A more complicated form of rij with a benefit criterion may be
min
Xioom X
T = A1) . (2.5)
J * min
X. - X.
] J
In case of a cost criterion, rij is
*
X. - X, .
=3 1)
.. = 2.6
1) * min ( )
X, - X .
] ]
The advantages of the definition of rij by eqs. (2.5) and (2.6) are that
° ey
the scale of measurement varies precisely from 0 to 1 for each criterion.
i N - - - gy
e . IS TG )
The worst outcome of a certain criterion implies r.. = 0, while the best
w o .
outcome implies 1\j = 1. A possible drawback of this procedure is that this
- 1 ) L Lo

- St e

scale ‘transformation does not lead to a proportional change in outcomes.

G, pw ot SR 19D P ea WIS

SRR

T



I

4. FUZZY DECISION RULES"
We already have mgazfahed the difficulty of handling the qualitative (or
fuzzy) attributes in the MADM environment. Fuzzy attributes result from fuzzy
¢
goals (obigctives) or fuzzy constraints. Let us consider an example oégﬁﬁiing
a new f;éz;ty ;;mber in the Industrial Engineering department. The department
sets the following set of goals:
i) The candidate should be young
ii) the candidate should be educated in a famous college
iii) the candidate should be able to communicate well
iv) the candidate should be experienced in industry
Tn these geals the underlined term is resﬁéﬁZLble fer the fuzziness; then the
associated attribufes are also expressed in a fuzzy way:
i) young, not young, very young, more or less young, not very youﬂg) old,
not old, not very young and not very old, etc.
ii) famous, not famous, very famous, more or less famous, not very famous,
etc.
iii) and iv) low, not low, very low, more or less low, medium high, not high,

very high, more or less high, not low and not high, etc.

In the previous section of Transformation of Attributes we reviewed the

!

. : - T
A VR T NS PR I SV 6

"ad hoc methods for Eonverting fuzzy attributes into nonfuzziness, but these

conventional quantitative techniques are not well suited for dealing with de-

oy
Klte

cision problems involving fuzziness. As decision making becomes more invelved |

8ty )’,ﬁl» ‘ dsh N

in both humanistic and complex systems, fuzziness becomes a prevalent phenomena
- AN vy

in describing these systems. The basis for this contention is what Zadeh [456]

kg I,Ei},'«: N3 ) /:fz ;! Al

-

calls the 'Principle of Incomparability', which he informally defines by stating:

, -
RSN .

9 R4
""as the complexity of a system increases, our ability to make precise and/yet

s N
significant statements about its behavior diminishes until a threshold 1is

. ,’ - '.\‘?;,.1
reached beyond which precision and significance (or relevance) become almost

=S

mutvally exclusive characteristics."
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Zadeh [452] laid the initial foundations of the fuzzy set theory with his

paper 'Fuzzy Sets' in 1965; since then the development in both theory and app-

MU

lications have been remarkable. Gaines and Kohout [137} listed 1150 papers in

their review on the fuzzy set, and 45 papers were classified for decision
making. We have found very few papers discussing fuzzy sets for the MADM
environment [ 8, 19, 34, 257, 436, 440].

In this section we will review some of the basic concepts of fuzzy sets
and their operations as it.applies to the MADM methods. The text of Kaufmann

L

[217] is especially recommended for the fuzzy set theory study.

4.1 Definition of Fuzzy Set [19, 217, 452]

Let E be a set and A a subset of E:

A cE
We usually indicate that an element x of E is a member of A using the

symbol €:

x e A

To indicate this membership we may also use another concept, a characteristic

functionupA(x), whose value indicates whether x is a member of A:

pA(xl =1, if x € A

pA(x) =0, if x £ A

- IR Y

Imagine now that this characteristic function may take any value whatsoever

in the interval [0,1]. Thus, an element of X4 of E may not be a member of

A (UA = 0), could be a member of A a little (uA near 0), may more or less be’

B e
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a member of A (uA neither too near 0 nor too near 1), could be strongly a

member of A (uA near 1), or finally might be a member of A (uA = 1). In this
R

way the notion of membership takes on extension and leads the definition of the

fuzzy set.

Fuzzy subset: Let E be a set, denumberable or not, and let x be an element

of E. Then a fuzzy subset A of E is a set of ordered pairs

A= 1{ (x, uA(x)) } Vx. g E

where uA(x) is the grade or degree of membership of x in A. Thus, if uA(x)
takes its values in a set M, called the membership set, one may say that x
takes its value in M through the function uA(x). This function will be called

the membership function. When M = {0, 1}, the fuzzy subset A is nonfuzzy and

W "'IL»J:
A - - . 3 - -
its membership function becomes identical with the characteristic function of
£ '
a nonfuzzy set. We may conclude that a fuzzy set is a class of objects in

Vo v o
G2y ~ Yo

which there is no sharp boundary between two objects, one belonging~to the

b

class and one not. £

Numerical Example

E = {Australia, Canada, China, France, India, Japan, Yugoslavia}

A1 = the communist countries
= {(Australia, 0.), (Canada, 0.), ‘(China, 1.), (France, 0.) (India, 0.),
(Japan, 0.), (Yugoslavia, 1.)}
= {(China, 1.), (Yugoslavia, 1.)} .
= {(China, Yugoslavia)i
Joley g Lk
A2 = the faithful allies to the U.S.A.

..=,{(Australia, .8), -(Canada, .95), (China, .05), (France, .8), (India, .3)

-

(Japan, .7), (Yugoslavia, .01)}

Note that A1 is a nonfuzzy subset and A, is a fuzzy subset of E. The

2

values of Ma (-) are selected subjectively but-it does give us a handle for
2 5” - -;!"- B T L ’

o e J.:z o
dealing with subjective concepts in a rational way, in a similar manner.as the
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method used by the Bayesian decision makers enables them to handle sub-
jective probabilities and utilities [437].

.ij .
4.2 Some Basic Operations of Fuzzy Sets [19, 217, 452 ]

Equality: Two fuzzy sets are equal, written as A = B, if and only if

Ha = Mg that is

uA(x) = uB(x) vx ¢ E

Containment: A fuzzy set A 1s contained in or is a subset of a fuzzy set

B, written as A < B, if and only if

Hy () < wp(x) Vx € E \ﬂk

Complementation: B is said to be the complement of A if and only if

= - v
wg(x) = 1 -y (x) x ek % )
Y
Intersection: The intersection of A and B is denoted by A n B and is

defined as the largest fuzzy set contained in both A and B. The membership

function of A n B is given by

uAnB(X) = Min(p, (x), Mg (x)) Vx € E

Union: The union of A and B, denoted as A U B, is defined as the smallest

set containing both A and B. The membership function of A U B is given by

“AUB(X) = MaX(uA(X), uB(X)) Vx ¢ E

T -

Numerical Ex;mple

Let E =_{Amy, Becky, Cindy, Donna}

A = a set of beautiful girls
= {(Amy, .7), (Becky, .2), (Cindy, .8), (Donna, .6)}
e i (_:
B = a set of intelligent girls

= {(Amy, .5), (Becky, .9), (Cindy, .4), (Donna, .7)}

¥
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Then, the set of both beautiful and intelligent girls is:
A n B = {(amy, .5), (Becky, .2), (Cindy, .4), (Donna, .6)}
Also the set of beautiful or intelligent girls is:

A uB = {(Amy, .7), (Becky, .9), (Cindy, .8), (Donna, .7)}

f .
Algebraic product: The algebraic product of A and B is denoted by AB

T
AT TIE (DRt

! and is defined by

f = . »
Iy Thus Au, where a is any positive number, has its membership function of

i by 0% W e E

ORI
If o > 1, the effect of raising A to the a power results in a fuzzy subset

Tt

oo

SBE bt SR
TR S T

A% (i.e., A%c A) in which the degree of membership for those x that are large

is reduced much less than for those that are small. If o« < 1, the result is

o

T
Jrtruy
e

the opposite (Ac:Aa).

TITs

e

Numerical Example

e

Let A = {(xl, 3)s (g 4)s (xg, 27D, (X, .9)}

then

2 09), (x,, -16), (x,, -49), (x,, -81))

A

1
—~—
~

>

1’

ALi = {(xl, .58), (x,, .63), (xs, .84), (x4, .95)}

Also we.can see the relation of

- i

A2C Ac Ali

Algebraic sum: The algebraic sum of A and B 1is denoted by A 8 B, and

is defined by

UA@B(X) = Ha(x) + g (x) - uA(X)uB(X) vx € E
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Aty
Fuzzy set induced by mappings: Let f: E1 + E2 be a mapping from

E1 = {x} to E2 = {y}, with the image of x under f denoted by y = f(x).
- VI,
X

Let A be a fuzzy set in E Then, the mapping f induces a fuzzy set B in

1

E, whose membership function is given by

bg () = su Hp (%)

xef " (y)

where the supreme has taken over the set of points f_l(y) in El which are

mapped by f into y.

Numerical Example

Let

E {Amy, Becky, Cindy, Donna}

1
E

5 {Bill, David, Tom} ;‘
The fuzzy subset A of E| is the set of beautiful girls.
A = {(Amy, .7), (Becky, .2), Cindy, .8), (Donna, .6)}

Assume that thesfollowing information is available:

Amy is willing to marry Bill Cindy is willing to marry David

Becky 1is ;illing to marry Bill Donna is willing to marry David or Tom

Then what is the fuzzy subset B of E2’
First consider the inverse mapping f-1 of
£ 1(Bil1) = {Amy, Becky)

fi}(DaVid) = {Cindy, Donna}

‘f—l(Tom) = {Donna}
Then we can have
ug (Bill) = Sup uA(X)

xef L (Bi11)

n

Sup (.7, .2) = .7

of which a boy has a beautiful wife?

A
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pB(David) = Sup(.8, .6) = .8

pB(Tom) = Sup(.6) = .6

The resulting fuzzy subset B is

B = {(Bill, .7), (David, .8), (Tom, .6)}

The foregoing process is illustrated by Fig. 2.5.

Conditioned fuzzy sets: A fuzzy set B(x) in E2 = {y} is conditioned on

x if its membership function depends on x as a parameter. This dependence is

expressed by pB(ylx). Suppose that the parameter x ranges over a space E
. ﬁ@uﬁJ¢u>
so that to each x in E, corresponds a fuzzy set B(x) in E

l)
Through this

1 2°
mapping, any given fuzzy set A in El induces a fuzzy set B in 52 which is
defined by
up(¥) = Sup Min (uy(y[x), u,(x)) .
xeE .

1

Numerical Examples

Assume that the reliability of the fighter aircraft depends upon the

maintenance Skill of a country. Let us consider the four countries which

use three kinds of American-made fighter aircraft:

1
N

{Greece, Saudi Arabia, W. Germany, United Kingdom}

m
1

= {F-4E, F-15, F/A-18}
The fuzzy set A of maintenance skill is given as
A = {(G, .8), (S, .5), (w,.é), (U, .95)}
The conditional fuzzy set (the maintainability of an aircraft with respect.to

a country) 1is

ug (FIG) = {(F-4E, .85), (F-15, .75), (F/A-18, .7)} _
ug (F|S) = {(F-4E, .6), (F-15, .5), (F/A-18, .5)}

uB(FIW) = {(F-4E, .95), (F-15, .85), (F/A-18, .8)}

ug (FIU) = {(F-4E, .95), (F-15, .9), (F/A-18, .85)}

o s e e e et e aa S S e

i

7

o}




- 39

Fuzzy subset B-induced by a mapping.

2.5

Fig.

.



Then uB(F—4E) is:

Min [uB(F—4EIG), 1, (G)] = Min (.85, .8)

i
oo

Min [pB(F-4E|S), u,(S)] = Min (.6, .5) = .5

1]

n
0

Min [uB(F-451W) (W)] = Min (.95, .9)

,UA

Min [UB(F/A—lSIU), UA(U)] = Min (.95, .95) = .95

Mg (F-4E) = Sup Min [uy(F-4E[x ), wr]x )]

X,
1

Sup (.8, .5, .9, .95)
= .95.
Similary we obtain uB[F—lS) = .9, and pb(F/A—18) = .85.
fhus the resulting fuzzy set B (the reliability of each fighter is)

B = {(F-4E, .95), (F-15, .9), (F/A-18, .85)}.
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5. METHODS FOR ASSESSING WEIGHT

Many methods for MCDM problems require information about the relative
importance of each attribute (or objective). It is usually given by a set
of (preference) weights which is normalized to sum to 1. In case of n

criteria, a set of weights is

W= (wl, Wos wees Wis ooy W )

-
»

6 path LT

Sy
Eckenrode [85] suggests six techniques for collecting the judgments

d/‘f,)

of decision makers concerning the relative value of criteria. They are
Spb-b bk Wi Lot
simple, but to a single DM, we need more elegant methods to substitute a

-
|_1/‘H T"’-

small (single) statistical sample for a large one. We will deal with four
- R s
ofj/l)i. u‘_’.;.) 1./
techniques recently developed: eigenvector method, weighted least square

method, entropy method, and LINMAP. Entropy method and-LINMAP can not be

used in MODM environment because they need decision matrix as a part of

input.
. o:f I }

5.1 Eigenvector MBthod _

S 0 N
The DM is supposed to judge the relative importance of two criteria.

\?ylﬁﬂ " (_{.D{;:p:;" ) ‘:_ b 50wt

The number of judgments is nC2 = n(n-1)/2. Some inconsistencies from these

7 \‘;) -t /U :/*/

judgments are allowed. Saaty [350] introduced a method of scaling ratios

- -"
A
.

using the principf% eigenvector of a positive pairwise comparison matrix.
Let matrix A be

A = _(all a12 e alnﬁ

821 322 azn

e a
. nl n2 nn |

o mins

BN




B !
! Wy
2N
"1 Y2
W w
8 Wl W2
di ey

This is a 'reciprocal matrix' which has all positive elements and has the

reciprocal property

aij = l/aji

and

a = a. .
i 3k

~Multiplying A by W = (wl,

Aw= "1 "1
'w'l W2
2%
Y10
W W
_n __n

S S T

or

z|

.
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i (2.8)

-

(2.9)

(2.10)
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Due to the consistency property of eq. (2.Y), the system of homogeneous
' N4
linear equations, eq.(2.10) has only trivial solutions.

In general, the precise values of wi/wj are unknown and must be estimated.

) E.(—'P_ Ay
In other words, human judgments can not be so accurate that eq. (2.9) be
C;:‘ j’.df;"/," .
satisfied completely. We know that in any matrix, small perturbations in the
C'j;}’ n,gf,; af')/l‘/‘
coefficients imply small perturbations in the eigenvalues. If we define A~
PSS N

as the DM's estimate of A and w” is corresponding to A”, then

Aw™ = A W’ (2.11)
z max —

where Amax is the largest eigenvalue of A“. w” can be obtained by solving

the system of linear equations, eq. (2.11)

Numerical Example

If the following positive pairwise comparison matrix is given

A= 1 1/3 172
3 1 3
2 1/3 1

then set the determinant of (A - A I) as zero. That 1is

‘@

det (A -XxI)= |1-x 1/3 1/2 =0
3 1 -x 3
2 1/3 1 -x

-

The largest eigenvalue of A, Amax’ is 3.0536, and we have

y—
1
-
|

-2.0536 %— > Wy =0
3 2.0 3 v,
2 %‘ ~2.0536 W

. 0836 | vy |

The solution of the homogeneous system of linear equations gives (recall

3
that & w. = 1) -
-1 i RN,

1




Wl = (0.1571, 0.5936, 0.2493).

The Scale
Uuﬁl-'/- - 9 Y / = _"’/v‘"
For assessing the scale ratio wi/wj, Saaty [3509] gives an intensity

scale of importance for activities and has broken down the importance ranks

as shown in Table 2.2.

L_/'/

v}
29
Numerical Example (The Wealth of Nations through their World Influence [350])

It is assumed that the world influence of nations is a function of six
factors: (1) human resources; (2) wealth; (3), trade; (4) technology; (5) mil-
itary power; and {6) potential natural resources (such as oil). |

Seven countries (the United States, the U.S.S.R., China, France, the

United Kingdom, Japan, and West Cermany) as a group comprise a dominant class

(A —’J}u:.t.
of influential nations. It is desired to compare them among themselves as to
({\P b - -
their overall influence in international relations. For a very rough estimate
C Jf/ o

and for illustration of the method, we consider only the single facto} of

e T

wealth. The questlon to answer 1s how much more strongly does one nation

8 8 =l 2 h, 8

as compared with another contribute its wealth to galn world influence?

The first row of Table 2.3 gives the pairwise comparison of the wealth
contributed by the United States with wealth contributéd by the other nations.
For example,it is of equal import;nce to the United States (hence, the unit

uggkry), between weak importance and strong importance when compared with the
U.S.S.R. (hence, the value of 4), of absolute importance when compared with
China (hence, the value of 9), between strong and demonstrated importance
when compared‘with France and the United Kingdom (hence, 6 forlboth), strong
Amportance when compared with Japan and West Germany (hence, 5 for Both).
The rec1p;;;éls of the numbers in the first row are entered into the entries
in the first column, which indicates the inverse relation of relative strength

of the wealth of the other countries when compared with the United States,

and so on, for the remaining values in the second row and second column, ‘etc.




Table 2.2 The scale and its description [350]

Intensity of

importance Definition Explanation
. /_ /1/ N _L"
IR EFTT
1 ¢, o~ <2 Equal importance Two criteria contribute equally
to the objective.
’ . _ (h LT ‘m;‘».‘,:.. . e o
©or f ot Lop . . )
3 ~ - 5, Weak importance ., Experience and judgment slightly
(83 B .
' of one over another zwpfavor one criterion over another.
. v
5 UYPLYelilriEssential or strong Experience and judgment strongly
importance favor one criterion over another.
7 w/ el ol Demonstrated A criterion is strongly favored
importance and its dominance is demonstrated
in practice.
- 2y
9 (Pt " Absolute importance The evidence favoring one criterion
over another is of the highest .
. e 4 . . - R
possible order of afflrmatloqjé/
2,4,6,8 Intermediate values When compromise 1s needed. ~
r between the two.:
NS

7 ‘adjacent judgments
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Wealth comparison matrix

Country us USSR China France UK Japan W. Germany
us 1 4 9 6 6 S S
USSR 1/4 1 7 5 5 3 4
China 1/9 1/7 1 1/5 1/5 1/7 1/5
France 1/6 1/5 5 1 1 1/3 1/3
UK 1/6 1/5 S 1 1 1/3 1/3
Japan 1/5 1/3 7 3 3 1 2
W. Germany 1/5 1/4 5 3 3 1/2 1

Table 2.4 Normalized wealth eigenvector

Normalized Actual Fragtion of

Country eigenvector GNP (1972) GNP Total
U.S. 0.429 1167 0.413
USSR 0.231 635 0.225
China 0.021 120 0.043
France 0.053 196 0.069
U.K. 0.053 154 0.055
Japan 0.119 294 0.104
W. Germany 0.095 257 0.091
Total 2823

“Billions of dollars
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The largest eigenvalue of the wealth matrix given by Table 7 3 is 7.61
and the normalized eigenvector is presented in Table 2.4

It is interesting to note that the comparisons in the wealth matrix are

not consistent. For example, U.S. vs U.5.5.R. = 4, U.S5.S.R. vs China = 7,
but U.S. vs China = 9, not 28. Nevertheless, the relative weights of _ 429

and .23l for the United States and Russia are obtained, and these weights

w5 S co
are in striking agreement with the corresponding GNP's as percentages of the
(“ f:’" Y $iw ‘:n g ;;;;;'_
total GNP as shown in Table 2.4. Despite the apparent arbitrariness of the
d)(;ﬂ e [ -t
V! 3hy, wlye

scale, the irregularities disappear and the numbers occur in good accord with

observed data.

Note

Johnson [212] indicates the right-left ‘asymmetry.in an eigenvector,

RO

procedure. Essentially, by analogy to eq. (2.11) it is suggested that the’

prioritization be constructed in the_same way when A is not consistent.

. L
However, for a left eigenvector w( ),

WBT ooy BT o (2.12)
— max —

In the consistent case there is a constant ¢ such that
L .
w§ ) = C (l/wj), j=1,2,...,m

That is, the componentwise inverse of a right eigenvector is a left eigen- e
vector. However, for m > 4 the two can disagree even when matrix A is

consistent. Johnson et al. note that use of the left eigenvectors is equally »
. . - ‘po

P JE g 9 e .
justified (as_long as order is reversed).

(A'J

1 o Lo . ‘./

e
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5.2 Weighted Least Square Method

A weighted least square method is proposed by Chu et al. [ 54 ] to obtain

the weight. This method has the advantage that it involves the solution of
(s=> by
a set of simultaneous linear algebraic equations and is conceptually easier
.~/
to understand than Saaty's eigenvector method [350].

Consider the elements aij of Saaty's matrix A in eq. (2.7). It is

K ey :
desired to determine the weights W such that, given aij

aij = wi/wj | | (2i13)

The weights can be obtained by solving the constrained optimization problem

n
I (a..w. - w.) (2.14)

- i
An additional constraint is that W, > 0. However, it is conjectured that the

above problem can be solved to obtain W, > 0 without this constraint.

In order to minimize z, the Lagrangian function is formed.

n n . 5 n (2.16)
“W L= I L (a,.w, -w.) +2x(L w, -1)" <-
S . .
/ i=1 j=1 13 ) . i=1 * : Cay
e . ) UTA)")' /
where )\ is the Lagrangian multiplier. Differentiating eq. (2.16) with respect

Py

to wi, the following set of equations is obtained: ' /

n .
(ailwl - wi) ajg - I (aljw. - wl) +A=0, 2 =1,2,...,n (2.17)
1 j=

i~ 3

i 1 J

Eqs. (2.17) and (2.15) form a set of (n + 1) nonhomogeneous linear equations

e R o A A D R Bt




with (n + 1) unknowns. For example, for n = 2, the equations are (recall
that a,. =1 V¥i):
ii
15 1+ af)w - (a a, ) W, + A =0
21 1 12 21 2

Aa. 2 -

32— (ayy vap) wpr ra ) wy v =0
Wyt w2 =1

Given the coefficients aij’ the above equations can be solved for w

and A.

l)

w

2)

In general, eqs. (2.17) and (2. 15) can be expressed in the matrix form

Bw = m (2.18)
where
T
W= (wl, w2, cees wn, A)
mno= (0,0, ..., 0, 1)
B = (m+ 1) x (n + 1) matrix with elements bij
’ N
H n 2 A . s
\A bli = (n - 1) + );_ a’;} 5] 1) J = 1) ey n k;‘t :tﬁ’—l)_\» Z_. O\\
oz ad VRN
) o7}
) . o
Jlt;* J-‘,‘L
bij = -(ag; * ajp) Ly=1oem
Bonel = Pnet,k T L k=1, » I
bn+l,n»1 -

- .

Numerical Exam&ﬁe 1.

Given Saaty's matrix A of pairwise comparisons:

1 1/3 1/2

2 1/3 1 | !

EaeEe

S R = S

EET N

=

SRS
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For n = 3, eq. (2.18 becomes:

2 2
(321 + aq) + 2)wl - (alz + 321)w

1
o

2 = (g *agdug v =

2 2

—(a21 + alz)wl + (a12 + a f 2)w2 - +

1
o

Jw, + A =

(ay5 + a;,)ws

—(a31 + alS)WI - (a32 a23)w2 + (313 + ayz * 2)w3 + A =0

Substituting values for aij into the above equations, w2 obtain

_ 10 5 _
1bwl - —3-w2 - E—w3 + A =0
- lg-w + zg—w - lQ-w + A =0 )

The solution is Eng (0.1735, 0.6059, 0.2206), which is reasonably. closewto
the solution, E? = (0.1571, 0.5936, 0.2493), obtained by Saaty's eigenvector i%

method. : : : ;W

I 1
- .

Numerical Example?ﬁl (The Wealth of Nations through their World Influence)

The weighted least square method is applied tou Saaty;s wealth comparison

matrix (See- Table 2.3). The results are compared with Saaty's results as ' i

. p
presented in Table 2.5 [ 54 ]. 7
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Table 2.5 Comparison of numerical results for wealth comparison matrix

Saaty's Weighted
eigenvector least-square
Country (Amax = 7.61) method éuijj,
US 0.429 0.4867 ARE
USSR 0.231 0.1750 X-v
China 0.021 0.0299 -1\ :
France 0.053 0.0593 A
UK 0.053 0.0593 /DY
Japan 0.119 0.1043 WA
W. Germany 0.095 0.0853 JINE

R



probability distribution pys hence the terms "entropy' and 'uncertainty"

rare considered as synonymous. When all p; are equal to each other for a

52

5.3 Entropy Method

When the data of the decision matrix is known, instead of the Saaty's
pairwise comparison'matrix as given by eq. (2.7), the entropy method and
the LINMAP method can be used for evaluating the weights.

Entropy has become an importan¥ concept in the social sciences [46,
305)] as well as in the physical sciences. In addition entropy has a use-

ful meaning in information theory, where it measures the expected in-

V) SR
formation content of a certain message. Entropy in information theory
o+ B ;\-—-u')\’ -b
is a criterion for the amount of uncertainty repr%sented by a discrete

AT
o
probability distribution, P;» which agrees that a broad distribution

. Nl DI e .
represents more uncertainty than dees a Sharply feaked one [209]. This

measure of uncertainty is given by Shannon [365 ] as

n -
S(pl, Pys -+-» P ) =-k T p. &np. (2.19)

.-
ins @)

where k is a positive constant. Since this is just the expression for

entropy as found in statistical mechanics, it is called the entropy of the

e v

: - - > _w o)

given i, P; S@i/n, S(pi, cees pn) takes on its maximum value. ~

The decision matrix for a set of alternatives contains a certain amount

of ipformation, entropy can be used as a tool in criteria evaluation [ 305

RV U,"” »
459 . The entropy idea is particularly useful to investigate contrasts

between sets of data. For example, a criterion does not function much when

all the alternatives have the similar outcomes for that criterion. TFurther,
- o .

iy

if all the values are the same, we can eliminate the criterion.
| o S —
Since a project outcome pij includes a certain information content,

i
A

the information ¢ontent of the project outcomes of criteria } can be measured



by means of the entropy value. However, the significance of pij is determined
by the differential outcomes of all alternatives, so that pij may be adapted
gl b
U.wa [ Sas]

for the average intrinsic information generated by the set of alternatives

through criterion j.

Let the decision matrix D of m alternatives and n attributes (criteria)
be
X1 X2 Xn
—
A 11 M2 “In |
A2 *a1 %2 *2n
D =
Am L_xml m2 " %mn N
)y
The project outcomes of attribute j, pij’ then can be defined as'!
X _
— = 4 i, .
o Py — ’ ¥1,) (2-20)
I X.. =
i=1
The entropy E. of the set of project outcomes of attribute j 1is: i
. B
E. = -k-1I ¢n p... V) 2,21 ’
; L Pij Pij> ( )

where .k represents a constant:
k=1/enm

which guarantees that O j_Ej < 1.
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The degree of diversification dj of the information provided by the

outcomes of attribute j can be defined as

If the DM has no reason to prefer one criterion over another, the

Principle of Insufficient Reason [384]

If the DM has a prior, subjective weight Aj, then this can be, adapted

with the help of wj information.

Numerical Example (A Fighter Aircraft Selection Problem)

Let us consider the following decision matrix of 4 jet fighters.with

20,000
18,000
21,000

20,000

suggests that each one should be

The new weight wj0
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By using eq. (2.20) we obtain pij for all i and j:

A, T.2353  .1875
[p..] = A, |.2941 .3375
A, |.2118  .2500

A .2588 . 2250

.2532
.2278
.2658

.2532

. 2558

.3023

.2093

.2326

.25

.15

.35

.25

X6

.3462 |
.1923

.2692

.1923 ]

The entropy of each attribute, Ej’ the degree of diversification, dj’

and the normalized weight, wj, are calculated by using eqs. (2.21), (2.22),

and (2.23), respectively. They are:
X1 X2 X3 X4 X5 X6
Ej .9946 .9829 .9989 .9931 .9703 .9770
dj .0054 .0171 .0011 .0069 .0297 .0230
wj .0649= .2055 .0133 .0829 .3570 .27%4

The results indicate that the weight of importance is in the order of

(w5 = .3570, w

)

6

:fgéﬁﬁﬂ, w

.2055,-w

4

= 0829, w) = .0649, w, = .0133).

1

The weight of an attribute is smaller when all the alternatives of the

attribute have similar outcomes.

If the DM has the following a priori weight A

2= (2, .1,

1, .2

~ '-,‘é»""

-3)

J

Then the subjective weights which are calculated by using eq. (2.24) are

Note

w0 = (.0657, .1041, .0067, .0420, .3616, .4199)

Zeleny [ 459 ] uses another value of pij in eq. (2.20). He first
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measures the closeness to the ideal solution, r.., such as
. 1)

; X. .
i r.. = 1)
it 1] * -
X.
5 J
? ‘
,
i or .
min
X.. - X.
| _ 1 l J
4 ij = * min
ﬁﬁ J X. - X, -
: J J
By
f . :
[ where x. = max x.., Yj
o . ij
8 i
i r
o min )
X, = min Xx,., VY
| ) i 1) )

T.. .
\ = 2l i ,
M Pi - , Vi, ) - (2.25)
y L T.. -
il i=1 ¥
e ‘
The weights of importance obtained by using eq. (2.25), however, are veLy
|l close to those obtained by using eq. (2.20).
- .
4 -
- i
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. R 1
Srinivasan and Shocker [ 380] devel:ped LINMAP (LINear programming |

techniques for Multidimensional Analys:: of Preference) for assessing the ”

At

weights of attributes as well as for selécting the alternative. In this m
s A . ;

",4" pellee e i wt, é

method m alternatives composed of n atz-ibutes are represented as m points 1

in the n-dimensional space. A DM is assumed to have his ideal point denoting i

i

) S . P

. . " . . . pig]
his most preferred stimulus (alternmativ:) location in this space and a set of il
QAT VESELIS :

weights which reveal the relative saliewces of the attributes. He prefers

those stimuli which are '‘closer' to his ideal point (in terms of a weighted M

Euclidean distance measure). A linear rrogramming model is proposed for iy

’ [
Gt g OV f e g !
"'external analysis" i.e., estimation of the coordinates of his ideal point : :

and the weights (involved in the Euclid:zan distance measure) by analyzing .
(s DY Yoos il
his paired comparison preference judgmenTs on a set of stimuli, pre lecifi~ed I

4
SRBATS
by their coordinate locations in the mul-idimensional space.

The details of the method will be.fgésented in the section 3.1.1 :

LINMAP of Part IV Methods for Multiple wsZtribute Decisiow Making.
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111. METHODS FOR MULTIPLE ATTRIBUTE DECiSION MAKING

1. METHODS FOR NO PREFERENCE INFORMATION GIVEN

There are some classical decision rules such as dominance, maximin and
maximum which are still fit for the MADM environment. They do not require
the DM's preference information, and accordingly yield the objective (vs;
subjective) solution. However, the right selection of these methods for
the right situation is important. (See Table 1.3 for references).

1.1.1 DOMINANCE

An alternative is dominated if there is another alternative which
excels it in one or more attributes and equals it in the remainder. The
nunber of alternatives can be reduced by eliminating the dominated ones.
In other words we screen the set of alternatives before the final choice is

o
Ui

made. A set of nondominated solutions is one obtained through the sieve of

it

dominance method.

This method does not require any assumption or any transformaggon of
attributes. The sieve of dominance takes--the following procedures [44];
compare the first two alternatives and if one is dominated by the other,
di;gard the dominated one. Next compare the undis;arded alternatives with
the third alternative.and discard any dominated -alternative. Then introduce
the fourth alternative and so on. After (m - 1) stages the nondominated
set is determined. This nondéminated set usually has multiple elements in

it, hence the dominance method is mainly used for the initial filtering [400]. ﬁ

Numerical Example (The Fighter Aircraft Problem) ' 3

The ‘decision matrix of the fighter aircraft problem is

X, X, Xy X, X X,

(2.0 1500 20,000 5.5 average very high | A, .
'D _ 12.5 2700 18,000 6.5 low average A2

1.8 2000 21,000 4.5 high high Ay

LZ.Z 1800 20,000 5.0 average average | A4
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Recall that X4 is a cost criterion. In this example, all alternatives

are nondominated.

If A, and A, had the same rate of maneuverability (X6), then A, would

1 4 -~ 4
pFARI .
dominate A1 because Xl’ X2 and X4 of A4 excel those of Al,and other attri-
butes are equal.
NOTE FOE .
o, 4_.;""";; .’9' ,U;u IJ‘J\_.'
Calpine and Golding [44] derived the expected number of nondominated

ré!_:f)Ul .
solutions when m alternatives are compared with respect to n attributes.

Consider first the very special case in which all the elements in the deci-
—siemr-matrix are random numbers uniformly distributed over the range 0 to M.

Attention is first focussed on the final (nth) column. Arrange the rows

J
so that the elements in the nth column are in decreasing order of magnitude.

¢ '_JJ /,u'nf
By the randomness of the elements, the probability of an arbitrarily selected

row being the rth in the order is 1/m. Let p(m, n) be the probability that

a row, arbitrarily chosen from m rows (alternatives), is nondominated with

Cavr
woae ! »

S Pt

respect to n attributes. Consider the rth TOW. e ordering ensures
that this row is not dominated by any row below i[hand also that it exceeds
no rowWw above it in the nth attribute. Hence a necessary and sufficient
conditions for theqrth row to be nondominated is that it is nondominated
among the first r candidates with régpgé{ to the first (n - 1) attributes.

Thus the probability of a row being the rth and nondominated is p(r, n-1)/m.

The prdbability of an arbitrarily selected row being nondominated is

4 m | ,
p(n, n) = J .p(r, n - 1)/m [
: r=1
Co= {p(m: n - 1) + (m - 1) p(m - 1: n)}/m (3.1)

Then the average number of nondominated alternatives, a(m, n), is




mp (m, n)

a{m, n)

a(m, m-1)/m+a(m - 1, n)

H

As a(m, 1) = a(l, n) = 1, a(m, n) can be calculated recursively. A good
approximation of a(m, n) is given by
- 2
a(m, n) =1 + &nm + (&n m)"/2! + ==
n-3 n-2
+ (2nm)” “/(n - 3)! + y(n m) /(n - 2)!
n-1 ' .
+ Gnm)" /@ - Dt | (3.2)
where v is Euler's constant (~0.5772). Some typical results are shown in Fig. 3.1.

It indicates that the number of nondominated alternatives, for a few attributes,
e.g., n=4, will be reduced to 8, 20, and 80 for m=10, 100, and 1000, respec-
tively; however, the number of nondominated alternatives for a large number of
attributes, e.g., n=8, will still be very large, i.e., 10, 90, and 900, respec-

tively for m=10, 100, and 1000.

235,
)

1000

1000 }- m

3

3
i
&
B4
§
5

= 100
g
- m N
4 /
~ 10

Expected number of nondominated alternatives

‘).n
Number of attributes

Fig. 3.1. Expected number of nondominated alternatives [44].
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1.1.2  MAXIMIN

An astronaut's life or death in the orbit may depend upon his worst

vital organ, and a chain is only as strong as its weakest link. In this

situation where the overall performance of an alternative is determined

by the weakest or poorest attribute, a DM would examine the attribute

values for each alternative, note the lowest value for each alternative,

and then select the alternative with the most acceptable value in its
lowest attribute. It is the selection of the maximum (across alternatives)
of the minimum (across attributes) values, or the maximin.

Under this procedure only a single weakest attribute represents an

alternative; all other (n-1) attributes for a particular alternative are
ignored. If these lowest attribute values come from different attributqs, . I
as they often do, we may be basing our final choice on single values of‘n
attributes that differ from alternative to alternative. Therefore, the

maximin method can be used only when interattribute values are comparable;

that is, all attributes must be measured on common scale; however, they

+
need not be numerical. The alternative, A , '‘is selected such that

A+={Ai | max min xij Y, 3 =1, 2, ..., n; i=1,2, ..., m - (3.3)
i ] B

where all xij's are in a common scale.
One way of making a common scale is using the degree of closeness

to the .ideal solution [459]; the ratio of an attribute value to the most

-

*
preferable attribute value (xj = max xij), that 1is B
T~ i ;o

X, .
r.. =1 - (3.4)

provided that attribute j is a benefit criterion (i.e., the larger xj, the

more preference). A more complicated form of rij is (see eq. (2.5))
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xmin
e S (3.5)
Ty — % Jmin
X 3
* .
where xj = max xij’ i=1,2,...,m
i
xm;n = min xij’ i=1,2,...,m
i

Then the maximin procedure becomes

., j = 1,2,...,n; i=1,2,...,m (3.6)

max min r,
5 ij

i3
Note that in case of a cost criterion, rij has to be computed as

(see eq. (2.4) or eq. (2.6))

h min
1/x. . wmin x. . x. .
I = 1J :—-—‘__1—J—=__J__ (3 7)
ij maxil?xi.) X; X .
i J J J
or -
xf - X.. - &
R NS ~ 3 g
* (~.8)
ij o~ - xmln P
J J

Numerical Example (The Fighter Aircraft Problem)

The decision matrix after assigning numerical values (by using the

interval scale of Fig. 2.4) to qualitative attributes is

NN X, X, Xg  Xg
2.0 1500 20,000 5.5 5 9 A,
ot 2700 18,000 6.5 3 5 A,
D=11.8 - 2000 21,000 4.5 7 7 Ay
2.2 1800 20,000 5.0 5 5 A,

“The maximin procedure requires a common scale for all elements in the
decision matrix. The converted decision matrix, by using eq. (3.7) for

attribute X4 and eq. (3.4) for all other attributes, is
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X, X, Xy X, Xe Xe g
0.80  0.56  0.95 0.82  0.71 A, ”i
- 1__.“0"-‘ 1.0 0.86 0.69 10.43 A,
0.72%  0.74 1.0 1.0 1.0 Ag
0.88 0.67 0.95 0.90 0.71 A,

In applying the maximin procedure to this example, we note that the |

lowest attribute value for Al is 0.56 (for X

attribute value for A2 is 0.43 (for XS’

attribute value for A3 is 0.72 (for Xl’ the maximum speed); and the lowest

attribute value for Ay is 0.56 (for X6’ the maneuverability). Since the

27 the ferry range); the lowest

the reliability); the lowest

largest of these four minimum values is 0.72, alternative A3 would be

selected because it has the maximum-minimum value.

Note

o

This method utilizes only a small part of the available information in
making a final choice -- only one attribute per alternative. Thus even -
if an alternative is clearly superior in all but one attribute which is
below average, another alternative withl only average on all attributes
would be chosen over it. The maximin méthod; then, has some obvious short-
comings in  decision making. What is appropriate for selecting a chain
is not necessarily appropriate for general decision making [273]. = The
procedure 1is reas$nable for seledting"a chain because all the links are
used at the same time and they.are essentially interchangeable, in that
no link is worth more, or performs a different function, than some other
link.  ~ - - | '
The applicability of the maxiﬁin method is relatively limited. In
general the method would be reasonable only if the DM assumed to have
pessimistic nature in the decision making situation. The maximin and its

——————

reverse, the minimax procedure,is widely used in game theory [421].



1.1.3 MAXIMAX

In contrast to the maximin method, the maximax method selects an alter-
nate by its best attribute value rather than its worst attribute value [273].
In this case the highest attribute value for each alternative is identified,
then these maximum values are compared in order to select the aiternative
with the largest such value, the maximax procedure.
Note that in this procedure, as with the maximin procedure only the single
strongest.attribute represents an alternative; all other (n-1) attributes
~for the particular alternative are ignored; and it may evaluate different
attributes in a final choice among alternatives. Therefore, as with the
paximin method, the maximax method can be used only when all attributes are

— e e

measured on a common scale (see eqs. (3.3), (3.4), (3.7) and (3.8)). The

3
¥
'i?
E

+
alternative , A , 1s selected such that

SRS

A ={A. ‘: max max ri.L; j=1,2,...,n; i=1,2,...,m = (3.9) :
' i ) :
- - S ‘Fi - )
The comparability assumptions and incompleteness properties of the maxi- ‘
max method do not make it a very useful techniqu% for general decision 3

making [273]. However, just as the maximin method'may have a domain in which
it is quitefféasonable, the maximax method may also be reasonable in some
specific decision making situations. As an example, pro-football teams use

the maximax procedure to draft players.

Numerical Example (The Fighter Aircraft Problem) »

The decision matrix converted to a common scale is

C

X, X, Xy X, X Xg
- fo.so  o.s6 095 082 01 10 ] A )
SR S R W 0.86  0.69  0.43  0.56 A, ,
0.72  0.74 1.0 1.0 1.0 0.78 AL
o-68 0.7 095 0.0 071 0.36 A,




In applying the maximax procedure to this example, the highest attribute

value for A, is 1.0 (for X the maneuverability); the highest attribute

1 6’

value for A2 is 1.0 (fbr both Xl, the maximum speed, and XZ’ the ferry

range); the highest attribute value for A, is 1.0 (for X3, X4, and XS’ the

3

maximum payload, acquisition cost, and reliability, respectively); and the

highest attiibute value for A4 is 0.95 (for X the maximum payload).

3]

Maximizing these maximum values would lead then to a choice of Al’ AZ’ or

Both the maximin procedure and the maximax procedure use what could be
called a specialized degenerate weighting, which may be different for each
alternative [299]: the maximin method assigns ; weight of 1 to thg worst
attribute value and a weight of 0 to all others; the maximax methdd-assigns
a weight of 1 to the best attribute value and a weight of 0 to all others.

The maximin procedure describes the individual as finding the worst
outcome (attribute value) for| each choice (alternative), and then choosing
that choice (alternative)} for which the worst outcome is least bad. This
policy.is ultra-pessimistic in that, for each possible choiggf_ié’COﬁsiders
only the worst that can happen, while ignoring other aspects of the choice.
The maximax brocedure, in contrast, is ultra-optimistic, in that it describes

the individual as choosing that choice for which the best outcome is the

best. The Hurwicz procedure [178a] is an amalgamation of the above two,

- - - + ’
in that it takes into account both the worst and the best. It selects A -

I

such that
) "+ ' (3.10)
max [a min r.. + (1 - X T..
AT = (A : [ Y (I -a) m:J:} 5 1)




The weight a 1is referred to as the pessimism-optimism index; it is supposed
to vary (over 0 < a £ 1) among the individual DMs; the higher o the more
pessimistic the individual DM. As is apparent, the extreme case a = 1 gives

the maximin, while a« = 0 the maximax.
Although this procedure might seem useful in a single instance, it is
clearly inadequate when considering the whole multiple;attribute problem

(e.g., drafting the whole team on the basis of a single attribute -- unless

you want a team of kickers) [275].

?»
]

e
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2. METHODS FOR INFORMATION ON ATTRIBUTE GIVEN

kind of information to process inter- and intra-attribute comparisons.

The information can be expressed in various ways: 1) standard

|

4) marginal rate of substitution (MRS) between attributes. Standard leve%

"

or ordinal preference information is utilized in the noncompensatory model

i
i
b

and cardinal preference or marginal rate of substitution is needed in the¥

compensatory models.

e T S e,

§
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2.1 METHQDS FOR STANDARD LEVEL OF ATTRIBUTE GIVEN

To obtain a driving license one must meet certain absolute standards.
The DM sets up the minimal attribute values (standard levels) he/she will
accept for each of the attributes. Any alternative (or candidate) which has
an attribute value less than the standard level will be rejected. This proce-
dure is called the conjunctive method [70] or the satisficing method des-
cribed by Simon [373]. On the other hand{ if evaluation of an alternative (or
candidate) is based upon the greatest value of only one attribute, the proce-

dure is called the disjunctive method. Selection of professional football

players is done according to this method. (See Table 1.3 for references.)

2.1.1  CONJUNCTIVE METHOD (SATISFICING METHOD)

Consider, for example, the position of a visiting American history'teacher

in a French school [70]. An individual's effectiveness as a teacher will be

limited by the lesser of his/her abilities in history and French; he/she can-

not compensate for an insufficient knowledge of French by an excellent

knowledge of history, or vice versa. The sfhool wants to eliminate the
candidates who do not possess the acceptablé knowledge in both fields. In
the conjunctive method (or satisficing method),—all the standards must be
passed in order for the alternativeg to be acceptable.

To apply the method, the DM must supply the minimal attribute values (the

cutoff yalues) acceptable for each of the attributes. The~cutoff values

e S R e A R
s e R e R

given by the DM play the key role in eliminating the noncontender alter-

natives; if toolhigh, none is left; if relatively low quite a few alternatives

are left after filtering. Hence increasing the minimal standard levels in "

an iterative way, we can sometimes narrow down the alternatives to a single

choice,




We classify A.1 as an acceptable .alternative only if

2 X., i =12,...,n (3.11)

where x? is the standard level of xj. - L
. 4l

Numerical Example (The Fighter Aircraft Problem) i

i
In the fighter aircraft problem, suppose that the DM specified the fol- %
| i

|
lowing minimal requirements (the cutoff values): xo = (2.0, 1500, 20,000, i

6.0, average, average). Given these minimal acceptable values, alternatives
A1 and A4 are acceptable; that is, they satisfy these requirements. Alter-

2
(18,000 vs. 20,000), its acquisition cost (X4) is too high (6.§1vs. 6.0),

native A, fails to satisfy them because its maximum payload (X3) is too low

and its reliability (Xs) is too low (low vs. average); alternative A3 fails

because its maximum speed (Xl) is too low (1.8 vs. 2.0).

Note

The conjunLtive (satisficing) method is not usually used for selection

of alternatives but rather for dichotomizing them into acceptable/not

acceptable categories. Dawes [70] developed a way to set up the standards
L =
if the DM¥ants to dichotomize the alternatives.

Consider a set of n equally weighted independent attributes. Let

»
=
1]

the proportion of alternatives which are rejected,
*
PC'= the probability that a randomly chosen alternative scores above. the
- ' o . .
conjunctive cutting level.
Then
r=1-p" (3.12)

\
since the probability of being rejected is equal to one minus the probability

of passing on all attributes. From eq. (3.12), we obtain
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1/n (3.13)
po= (1 - 1)

; ¢ cample [70], suppose that a college evaluates applicants for admis-
K or u?

. ons on each of four attributes - intellectual ability, academic ability,
51

extracurricular activities, and character - and that it has applicants' *

o s

scores on each of these attributes. Assume that these attributes are inde-

pendent and that the college considers them all equally important. Suppose

that the college wishes to accept one fifth of its applicants. Now we have

n =4
s =2
5
1
o= (- %—)4 - 0.67

Hence, the college must choose a cutting score for each attribute such that
67% of its applicants will place above this score. This cutting score is
called the conjunctive cutting score.

The conjunctive method does not require that the attribute information
be in numerical form, and information on the relative importance of the

attributes is not needed. The method is noncompensatory; if we simply
y‘ use minimum cutoff values for each of the attributes, none of the alter-
ij native systems gets credited'fér especially good attribute values.
Thus Asqof the fighter aircraft problem fails even though it.has the lowest ‘i
acquisitipn cost. The attempts to credit alternatives with especially high
values suggest other methods to be discussed later.

Because of its strong intuitive appeal, the conjunctive method (or

satisiicing method) has long been used. !
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2.1.2 DISJUNCTIVE METHOD

A disjunctive method is one in which an alternative (or an individual)

is evaluated on its greatest value (or talent) of an attribute. For example

I

method; a player is selected because he can either pass exceptionally, or

run exceptionally, or kick exceptionally, etc. A player's passing ability

is irrelevant if he is chosen for his kicking ability.

We classify Ai as an acceptable alternative only if

X.. j=1lor 2or ... orn .Y
1) J i

[AY
~

where xq is a desirable level of xj.

A disjunctive method guarantees selection of all individuals (candidates

with any extreme talent, while the conjunctive method guarantees rejection

of all individuals with an extremely small talent.

Numericpl Example (The Fighter Aircraft Problem)

In the fighter aircraft problem, suppose that the DM specified the

following desirable levels for each attribute: xo = (2.4, 2500, 21,000, 4.5,

,-very high). Given these desirable levels, alternatives Al’ A2,

and A;“afé acceptable, and alternative A, is rejected. A, is accepted becaus

its maneuverability {X6) is acceptable (very high vs. very high); A2 is

accepted because its maximum speed (Xl) is acceptable (2.5 vs. 2.4), ang/or
its ferry range (Xz) is acceptable (2700 vs. 2500); and A3 is accepted/be—

cause its maximum payload (XS) is acceptable (21,000 vs. 21,000), and/or its

acquisition cost (X4) is acceptable (4.5 vs. 4.5). A4 is rejected because

it does not possess any one of the desirable levels specified by the DM.
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Note

For the disjunctive method, the probability of being rejected is equal
to the probability of failing on all attributes:

r=(1 - Pd)“ (3.14)

where r is the proportion of alternatives which are rejected, and Pd is the
probability that a randomly chosen alternative scores above the disjunctive
cutting level. From eq. (3.14), we obtain

P =1 - L1/n (3.15)

For example, in the problem of college evaluation of applicant admission
which we considered in the section on the conjunctive method (2.1.1), if
the college uses a disjunctive method, it will accept any applicant who

scores ‘above the cutting score on any attribute. -

Then we have

n e A

1/4

4
Pa=1l- (@ = 0.0S

that ‘1s, th¢ disjunctive probabili?y, Pd, equals 0.05, hence the disjunctive
cutting score for each attribute will be one such that 5% of the applicants
score above it -- a contrast to.the conjunctive cutting score of 67% [70].
As with the conjunctive ﬁethod, the disjunctive method does not require
that the attribute information be in numerical form,and it does not need

information on the relative importance of the attributes.
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METHODS FOR ORDINAL PREFERENCE OF ATTRIBUTE GIVEN

2.

The most important information needed for lexicographic method, elim-

equal
ation by aspects, and permutation method is the ordinal interattribute
(3.14) eference information. The relative importance among attributes determined
ordinal preference is less demanding for the DM to assess than that by
the
ardinal preference.
tive
The permutation method was originally developed for the cardinal pre-
erences of attributes given, but it is better used for the ordinal preferences
-15) iven, and the method will identify the best ordering of the alternative rankings.
i
| |
ve
s e
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2.2.1 LEXICOGRAPHIC METHOD

In some decision situations a single attribute seems to predominate. ~1€
For example, ''buy the cheapest" rule is that in which the price is the most :
i~
important attribute to that DM. One way of treating this situation is to :
compare the alternatives on the most important attribute. If one alternative
has a higher attribute value than any of the other alternatives, the alter-
native is chosen and the decision process ends. However, if some alternatives
i are tied on the most important attribute, the subset of tied alternatives are
then compared on the next most important attribute. The process continues

sequentially until a single alternative is chosen or until all n attributes

have been considered.

The method requires that the attributes be ranked in the order of impor-

tance by the DM. Let the subscripts of the attributes indicate not only the
components of the attribute vector, but also the priorities of the attributes,

i.e., X; be the most important attribute to the DM, X

1 2 the second mpst impor-

tant one, and so on. Then alternative(s), Al, is{(are) selected such that

A" = {A.]| max x, }, i=1,2,...,m (3.16)

1 11
1
If this set {A%} has a single element, then this element is the most preferred

alternative. If there are multiple maximal alternatives, consider

2_ l N 1 — P
A" = {A; Imix x;,0, - 1eda} e livrie ft (3.17)

-

If this set {Az} has a single element, then stop and select this alternative."

i If not, consider

A3 = {A{ | max Xy

{

3}, ie (a%) RN R - (3.18)

Continue this process until either (a) some {Ak} with a single element is
found which is then the most preferred alternative, or (b) all n attributes

hayve been considered, in which case, if the remaining set contains more than

|
i' one element, they are considered to be equivalent,




LEXICOGRAPHIC SEMIORDER

v The lexicographic semiorder, described by Luce [269] and Tversky [409] i
is closely related to the lexicography. In most cases it makes sense to allow ;
bands of imperfect discrimination so that one alternative is not judged
better just because it has a slightly higher value on one attribute. 1In a
lexicographic semiorder, a second attribute is considered not only in cases

where values for several alternatives on the most important attribute are

equal but also for cases where the differences between the values on the most
important attribute are not significant or noticeable. This same process
may then be used for further attributes if more than one alternative still
remain. Thus a consideration of whether differences are significant is
imppsed upon lexicographic ordering.

Tversky [409] showed how this method can lend itself to intransitive choices
in which A, is chosen over A

A2 over AS’ and A, over Al‘ Consider, for

1 2’ 3
- example, the following decision matrix with two benefit attributes,
] %
2 6 Al
D=1}3 4 A2
4 2 A3

Suppose that X1 is the more important attribute, but that differences of one
or less are assumed to be not significant. Also suppose that differences
in X2 of one or less are viewed to be not significant. The Ay will be pre-

ferred to A

2 (since difference of X1 1s not significant but difference of

g X2 is);-Az to A,, but A3 to A, (since difference of Xl is significant). o

Pt

¥ Numerical Example (The Fighter Aircraft Problem)

In the fighter aircraft problem, suppose that X1 is the most important
attribute, and then X3, X2,..., in that order. Then A2 is chosen by the

lexicographic method because its maxifwm speed (Xl) of 2.5 Mach is the

largest among the alternatives.
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It is also assumed that 0.3 Mach or less difference in Xl is not

significant, and that 1000 pounds or less difference in X_ (the maxi-

3

mum payload) is not significant. Then by the lexicographic semiorder

A 1s selected as the solution because the difference of Xl between A

4 2
and A4 is not significant (x21 = 2.5 vs x4l = 2.2), but the difference
of X3 between them is significant (x23 = 18000 vs X43 = 20000).

Note

The lexicographic method is also used in multiple objective decision
making (MODM) (see Hwang and Masud [BM-11]). Theoretical considerations
of the method are given by Luce [269], Shepard [367], and Fishburn [120].

This method.as it is in maximin (1.1.2) and maximax (1.1.3) utilizes

only a small part of the available information in making a final choice."

o

For example, for the fighter aircraft problem only the information of Xl

and X‘_5 are used. Lexicography is somewhat more demanding of information

than maximin and maximax, because it requires a ranking of the imporé%nce

cf the attributes, wh?reas maximin and maximax do not. However, lexicography

does not require compérability across attributes as did maximin and maximax.
When applied to general decision making, the lexicographic method requires

information on the preference among attribute values and the order in which

attributes should be considered. In both cases, it needs only ordering or

ranking jnformation and not (netessarily) numerical values. Because of its

limited information requirements, lexicography has received serious consid-

eration as a decision technique in a number of areas (see MacCrimmon [273]).

<7

:
1
]
E
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2.2.2  ELIMINATION BY ASPECTS

Elimination by aspects is a classical human decision making procedure

which has been used for a long time. Tversky [410, 410a, 410b] formalizes

the decision process mathematically with the introduction of choice prob- ' %
I

ability as a theoretical concept in the analysis of choice.
The DM, as in conjunctive method (2.1.1), is assumed to have mini- ]

mum cutoffs for each attribute. An attribute 1is selected, and all alternatives

not passing the cutoff on that attribute are eliminated. Then another at-
tribute is selected, and so forth. The process continues until all alter-
natives but one are eliminated [29]. lLike lexicographic method (2.2.1), it
examines one attribute at a time, making comparisons among alternatives. How-
ever, it does differ slightly since it eliminates alternatives which do not
satisfy some standard level, and it continues until all alternative;;except

one have been eliminated. Another difference is that the attrib

ut_e__s_ are not or-

- RO R b e

. : . . . BT .
dered in terms of importance, but in terms of their discrimination power in

A;-'”;-'?'e'.-- .

a probabilistié~mOQe.

In Tversky's model, each alternative is viewed as a set of aspects. The
aspects could represent values along some fixed quantitative or qualitative
dimensions (at:;ibutes) (e.g., price; quality, comfort), or they could be
arbitrary features of the alternatives that dé not fit into any simple dimen-
sional structure. Since the model describes choice as an elimination process

governed by su¢

ot

the Elimination by Aspects (EBA).

ccessive selection of aspects instead of cutoffs, it is called
S _ .

As-an illustration of elimination by aspects, Tversky [410] describes =a
tglevi§ion commercial that advertises» a computer course:
"There are more than two dozen companies in the San
Francisco area which offer training in computer programming.”l
The announcer puts some two dozen eggs and one walnut on the table to

represent the alternatives, and continues:
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"Let us examine the facts. How many of these schools
have on-line computer facilities for training?"
The aﬁgétncer removes several eggs.
""How many of these schools have placement services
" that would help find you a job?"
The announcer removes SOme mMOTe eggs.
"How many of these schools are approved for veterans'
benefits?"
This continues until the walnut alone remains. The announcer
cracks the nutshell, which reveals the name of the company and
concludes:
"This is all you need to know in a nutshell."
In the above example, alternatives are eliminated by the aspects éf“”on—
line computer facilities for training," “piacement services,' "approval for

veterans' benefits,' etc.

& et
R

The rationale of EBA is briefly described here. We begin by intro-

ducing some notation. Let T = {x,y,z,... } be a finite set, interpreted >

as the total set of alternazives under consideration. We use A, B, C,

to denote speéific nonempty subsets of T. The probability of choosing g
an alternative x from an offered set A c T is denoted P(x,A). Naturally,

we assume P(x,A) =2 0, L P(x,A) =1 for any A, and P(x,A) = 0 for any
XeA

-

X # A. For brevity, we write P(x;y) for P(x,{x,y}), P(x; y,z) for P(x,{x,y,Zz}), . ﬁ

etc. To formalize the method we introduce the aspects in an explicit fashion, - E

Let M be a mapping that associates with each x € T a nonempty set M(x) = x' =

'

{a, B, Y, ...} of elements which are interpreted as the aspects of X,

Py
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To clarify the formalization of the method let us first look at a

simple example [410a]. Consider a three-alternative set T = {x,y,z}, where the }

collections of aspects associated with the respective alternatives are

'
X {al) azleljez)pl)pzxw}

ywl)

y‘ = {81’8 01,02

2’61’62’

|
and !
i
1 = |
z {Yl’YZ’pl’DZ’Ol’OZ’w}

A graphical representation of the structure of the alternatives and
their aspects is presented in Fig. 3.2. It is readily seen that ai"Bi’ and
Yi(i = 1, 2) are, respectively, the unique aspects of x, y, and z; that Bi,
. and p, are, respectively, the aspects shared by x and y, by y and z, and

by x and z; and that w is shared by all three alternatives. Since the.selection
) ias0

of w does not eliminate any alternative, it can be discarded from further

consideration Let u be a scale which assigns to each aspect a positive

L
number representing its utility or value, and let K be the sum of the scale

values of all the aspects under consideration, that 1is, K = I u(a) where the
a

summation ranges over all the aspects except w. Using these notations we
s i

' &
now compute P(x,T). Note first that x can be chosen directly from T if

either a, or a, is selected in the first stage (in which case both y and z

are eliminated). This occurs with probability [u(al) + u(az)]/K. Alter-

- e J /‘
!

nativeiy; x can be chosen via {x,y} if either Bl or 62 is selected in the
first stage (in'which case z is eliminated), and then x is chosen over y.
.This occurs with probability [u(el) + u(ez)] - P(x; y)/K. Finally x can be

chosen via {x,z} if either Py OT P, is selected in the first stage (in which case

y is eliminated), and then x is chosen over z. This occurs with probability
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Fig. 3.2 A graphical representation of aspects in the three-
- alternative case [4103]

-
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[u(pl) + u(pz)]P(x;z)/K. Since the above paths leading to the choice

of x from T are all disjoint,

P(x,T) = (1/K) (U(al) + U(az)
+ [u(e)) + u(e,) JP(x;y)
+ [ulpy) + U(pz)]P(x;Z))
where
u(al) + ufa,) + u(pl) + u(p,)
P(x;y) = etc.

uay) + ulay) +ulpy) + ulp,) + u(B)) + u(g)) + ulo) + uloy)

The three-alternative case can be extended. In géneral, let T be
any finite set of alternatives, For any A < T let A' = {a|a € x' for some
x € A}, and A® = {a|a € x' for all x € A}. Thus, A' is the set of aspecéﬁ;
that belongs to at least one alternative in A, and A° is the set of aspects
that belongs to all the alternatives in A. In particular, T' is the set
of all aspects under consideration, while T° is the set of aspects shared
by all the alternatives under study. Given any aspect a € T, let AOl denote
those alternatives of A which include a, that 1is, Aa ={x |x e Aand ¢ € x'}.

The EBA asserts that there exists a positive scale. u defined on the aspects.

(or more specificaily on T' - TO) such that for all x e A< T
"i ’
I u(@P(x,A) (3.19)
- _ aa'-A .
BeA' -A /

- +

provided the denominator does not vanish. Note that the summations in the
numerator and the denominator of eq. (3.19) range, respectively, over all

aspects of x and A except those that are shared by all elements of A. Hence,
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the denominator of eq. (3.19) vanishes only if all elements of A sﬁare the
same aspects, in which case it is assumed that P(x,A) = 1/a, where a is the
number of elements in A. |

Eq. (3.19) is a recursive formula. It expresses the probability of
choosing x from A as a weighted sum of the probabilities of choosing x from
the various subsets of A (i.e., A, for ¢ ¢ x'), where the weights

(i.e.7 U(a)/L u(B)) correspond to the probabilities of selecting the re-

;
’

spective aspects of x.

Tversky expands eq. (3.19} (where the scale u is defined over individual

aspects) into the choice probability where a scale can be defined over

collections of aspects which are associated, respectively, with the subsets

cf T. This expansion does not require any prior characterization of the

alternatives in terms of their aspects. -

The EBA is similar in some respects to the lexicographic method (2.2.1)
and conjunctive method (2.1.1). It differs from them in that, due to 1its .
probabilistic nature, the criteria for elimination (i.e., the selected aspects)

and the order in which they are applied vary from one occasion to another and
. ) . iad ]

not determined in advance. And the lexicographic method does not require
< !
b

a set of aspects (i.e., standard level or desirable quality). It also differs

are

fyom conjunctive method in that the number of criteria for climination varies.

"
i

JIf an aspeét which belongs only to a single alternative 1s chosen at the
first sfage, then EBA needs only one aspect.

The EBA has some advantages: it is relatively easy to apply; it involves .
no numerical computatibﬁé,_andmit is easy to explain and justify in terms of

a priority ordering defined on the aspects. The major flow on the logic of

EBA lies in the noncompensatory nature of the selection process. Although each
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!

/
selected aspect is desirable, 1t might lead to the elimination of alternatives

that are better than those which are retained. In general,the strategy of

EBA cannot be defended as a rational procedure of choice. On the other

hand, there may be many contexts in which it provides a good approximation
to much more complicated compensatory models and could thus serve as a

useful simplication procedure.
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2.2.3 PERMUTATION METHOD

The permutation method [315] uses Jaquet-Lagreze's successive permuta-

tions of all possible rankings of alternatives. The method consists of

testing each possible ranking of the alternatives against all others. With
m alternatives, m! permutation rankings are available. The method will identify
the best ordering of the alternative rankings, then the dominating alterna-
tive. The method was originally developed for the cardinal preferences

of attributes (i.e., a set of weight) given, but it is rather to be used

for the ordinal preferences given. We will discuss first the case of

cardinal preferences given, then the ordinal ones.
Suppose‘a rumber of alternatives (Ai’ i=1,2,...,m) have to be

evaluated according to n attributes (Xj, j =1, 2,...,n). The problem can

be stated in a decision matrix D: % -
Xl X2 ' U Xn ;
. - - ‘
A *11 *12 XIn i
A
Al *a 22 X2n |
D=, . l
Am 1 2 o *mn
L ' i
Assume that a set of cardinal weights wj, j=1,2,...,n, z wj = 1, be given to the
) ' J
set of corresponding attributes.
b ﬁ;‘ﬁff‘l ' - ) ]
Suppose that there are three alternatives: Al’ Az, and AS' Then six. %
permutations of' the ranking of the alternatives exist (m! = 3! = 6). They .
are: ‘
P. = (A,, A, A = .
1= (A Ay, Ag) P, (A, A3, Al) !
X!
PZ =(~1Al’ AS, 2) PS = (A3: Al, ‘AZ) . ‘ ‘
EES
P = (A ) -

Po = (A5 Ay AY)




Assume that a testing order of the alternatives be P5 ='(A3, Al’ A2). Then

the set of concordance partial‘order is {A3 2 Al’ A3 2.A2, A1 2 AZ}’ and the
set of discordance is {A3 s Al’ A3 P AZ’ A1 < Az}.

If in the ranking the partial ranking Ak 2 Al'appears, the fact that
xkj > x&j will be rated wj, X S xlh.belng Tated Wy The gvaluatlon
criterion of the chosen hypothesis (ranking of the alternatives) is the

algébraic sum of wj's corresponding to the element by element consistency.

. .t .
Consider the i h permutation:

= 1 - 1
Pi ..., Ak’ vy Al’ ced), i 1,2,...,m!

where Ak is ranked higher than Az. Then the evaluation criterion of Pi, Ri’

is given by

R, = )i Wy - .Z Wi i=1,2,...,n :;V(S.zo)
eCyy JeDyy |
where ,
Cp = {jlxkj ; xlj}, k,2 =1,2,...,m, k # ¢
Dy, = {jlxkj S Xg5 L k,2 = 1,2,...,m, k # 2

is the subset of all criteria for which x,. > x

The concordanc 7 o
e sa; Ckl Kj 2 %57

and the discordance set Dkz is_the subset of -all criteria for which

X, . < X, .. :
kJ - 9‘) "iﬁ!"‘.‘\;‘.‘.-"‘ "
- s
(A R B N fD R ';/ ;'/ -
_ =7 ;oo e ol

N T ST A T e 2 NP e T sy BRI i) TR P & e S e RS SR Sy ey
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Numerical Example (The Fighter Aircraft Problenm)

The decision matrix of the fighter aircraft problem is:

A
X

1
2.0
2.5
1.8

2.2

2
X

2
1500
2100
2000

1800

A
X
3
20000
18000

21000

20000

A
X

5.5
6.5
4.5

5.0

co: £

.2

Xs

average

low

high

average

Assume that the cardinal weight of the attributes

0.1, 0.2,

0.3).

N
X6 i}
very high A_1
average A2
high A3
average A4

be w = (0.2, 0.1, 0.1,

There are 24(=4!) permutations of the alternatives which

Lhuve to be tested. They are:
P = (AL Ay, Ag, AY) Pls = (Ag, Al Ay, AY)
Py = (AL, Ay, Ay, AY) Pig = (Ag, AL Ay AY) o
Py = (A, Az, Ay, A)) Plg = (Ags Ay, AL, AY) .
Py = (A}, A, Ay, AY) Plo = (Ags Ay Ays Ay
Pe= (A, Ay Ay, AJ) Pi7 = (Ags Ags ApL AY)
Pe = (Al Ay, Ag, AL) Pig = (Ags Ay Ay, Ay
P, = (A, A, Agy A P1o = (Ags Aps Ags Ag)
S
Pg = (Ays Aps Ays Ag) P2Q = (Ays Aps Az Aj)
Pg = (Ay, Ag, A, A Par = (Rgs A Ay Ag)
"10 (AZ”A3‘ Aer A Pra = (Ags Aps Ag AY)
117 (e Rar Ay Ag) Pz = (Ags A3 Ays A))
Pry = (A Ays Agy A)) Pog = (g Aps Ay A))
— ——
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Let us, for example, compute the testing of the ordering P4 = (Al’ A3,

A A2) derived from the decision matrix, D. The testing result of P4 is

4°

presented in matrix C4.

i i
— s 4 \ ;
1 3 4 2 .~ i
— i
1 0 0.5 0.6 0.7
C4 =3 - 0.5 0 0.8 0.7
4 0.7 0.2 0 0.7
2 0.3 ©.6/ 0.3 0 1 ;
131.(_ a :
The figures in the cells have been computed as follows: f
= = =0.2 +0.3=0, -‘;
13 _ZC wj W)t W 0.2 + 0.3 =0.5
IEM 3 ;
‘;
= = . t 1 = 1 O i
where xll( 2.0) » x31( 1.8) that gives W and x16( very high) > X§6 :
. N . ]‘
( = high) that gives We E
€z © _Z wj =Wy f W bW, b W= 0.1 + 0.1 + 0.1 + 0.2 =0.5
jeDy 4 E

where xlz( = 1500) < x32( = 2000) that gives W xlS( = 20,000) < x33 ( = 21,000)

( = 4.5 cost) that gives -w, , and x |

1 - = <
that gives -w xl4( 5.5 cost) X 4 1S

34

X3S( = high) that gives W Then the evaluating criterion of !

-

3)
( = average) <

P4, R4, 15:

R = L wj\— L wj =4,0 - 2.6 =1.4 ’
ey, 7 JEDyy | ,7

where I w. is the sum of the upper-triangular elements of matrix C in
jsckl 4

accordance (concordance) with the hypothesis: A1 > A:,> > A4 > A2, and

L w. 15 the
IED,



sum of the lower-triangular elements in conflict (discordance) with the

hypothesis.

il

s e

3

Similarly, 24 different Ci’ i 1,2,...,24 matrices are computed and

their evaluation criteria, Ri’ i=1,2,...,24 are calculated. They are:

R ={ R1 = 0.4, R, = -0.6, R3 =1.2, R4 = 1.4, R5 = -0.6, R6 = 0.2,
R7 = -0.4, Ry = -1.6, R9 = -0.4, RlO = -0.2, R11 = -1.4, Rip = -1.4,
R13 = 1.2, Ryq = 1.4, Rig =0 4, R16 = 0.6, R17 = 1.6, Rig = 078,
ng = -0.4, R20 = 0.4, R21 =-1.2, R22 = -1.2, R23 = 0.4, R24 ='-0.4}
Since R17 = 1.6 gives the maximum vzlue, the best crder of the alternatives

is P17 = (AS,'A4, Al’ A7).

Case of a Qualitative Attribute Evaluation (with Ordinal Importance of - ..

Attribute Given): It is easy to notice that the four sets of weights:

1 2 11 .. 311 1 4 1 151 1
w _(1: 0, 0, 0),!"_ "('2_: '2—: 0, 0):_‘i —(3: 3’ 7 0):!_ _(4’ 4’ 3’ 4):

satisfy the ordered weight of(w1 >W, > W, >wW Through this relationship

2 =3 - 4)'
Paelinck [315] gives the following theorem on which the algorithm for cases of

a qualitative attribute (or with an ordinal weight) given.

THEOREM: The admissible field of weights defined by
row, =1 j=1,2,...,n

> . < % .
k2 Mg k<t . . o

W
can be subdivided into subfields on the sole basis or the evaluation of each
ranking for the extreme points (1, 0), (0.5, 0.5, 0), (0.333, 0.333, 0.333, 0),

The algorithm based on this theorem is quite simple. Evaluate each ranking

for the successive end points (1, 0), (0.5, 0.5, 0), ..., and select the maxi-

mum values. If some rankings are common to two end points, they are common




along the line passing through these end points; if separate rankings appear
on two end points, they have a joint value somewhere on the joining line,
but this value is anyway dominated by that of common end points. Inside the
limiting lines and hyperplanes, common ranking dominates.

Numerical Example (The Fighter Aircraft Problem)

Consider again the fighter aircraft problem, this time with

5 X1 X5 X5 X4).
W 2 W, 2 W2 W The

six different w's in Table 3.1 satisfy these inequality relations. The best

the order of importance of the attributes given as (X6, X

This order can be expressed with wj's as W > We >

rankings for the six different cardinal weight w's are identified in Table 3.1

and Fig. 3.3. The following decision can be drawn:

a) As long as We t W 2 3 A 1s selected.

b) As soon as w, + w_ < =, A_ is selected. S

6 5

The result matches the solution of. the cardinal weight given, in which A3 is

ranked the best witen w6 + wS = 0.5.

Note

The permutation method is a useful method owing to its flexibility
with regard to onégnal and cardinal rankings. A possible drawback of this
method is the fact that, in the absence of a clear dominant alternative,
rather complicated conditions for the values of weights may arise, particularly

-

because numerical statements about-ordinal weights are not easy to inter- ,
.
/

pret [BM-18].. Also with the increase of the number of alternatives the number .

“

!

of permutations increases drastically.

- This method measures the level of concordance of the complete preference
order, whereas ELECTRE method (see Section 2.3.4) measures the concordance
level of the partial order among alternatives first, then forms the pogéible
aggregate order. Both methods can treat ordinal and éardinal preferences of
attributes, but the permutation method is rather designed for ordinal casés and

ELECTRE is for cardinal cases, This is the reason we classify them separately.
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p4' p14

0, 1/2, 1/2)

pl7
P4
P17 Ps
(1/3, 9__, 1/3,:1/3)

-
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p10’ p16

(1/4, 1/4, 0, 1/4, 1/4)

L

Figure 3.3 (Graphical presentation of Table 3.1.
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2.3, METHODS FOR CARDINAL PREFERENCE OF ATTRIBUTE GIVEN

The methods in this class require the DM's cardinal preferences of at-
tributes. This (a set oé weights for the attributes) is the most common
way of expressing the interattribute preference information.

There are several reliable methods to assess the cardinal weights (see
Section II-5 Methods for Assessing Weight}.

The methods in this section all involve implicit tradeoff, but their
evalyation principles are quite diverse: (1) select an alfernative which has
the largest utility (for simple additive weighting, hierarchical additive
weighting), (2) arrange a set of overall preference rankings which best
satisfies a given concordance measure (for linear assignment method and ELECTRE),

and (3) select an alternative which has the largest relative closeness to the

ideal solution (for TOPSIS). (See Table 1.3 for references). -

2
&




2.3.1 LINEAR ASSIGNMENT METHOD

v

Bernardo and Blin [25] developed the linear assignment method based on a

set of attributewise rankings and a set of attribute weights. The method features
a linear compensatory process for attribute interaction and combination. ¥

In the process only ordinal data, rather than cardinal data, are used as the

Tl
input. This information requirement is attractive in that we do not need

to scale the qualitative attributes.
There is one simple way to transform the attributewise ranks into the

overall ranks. The method is to pick the sum of ranks for each alternative

and rank them from the lowest sum to the highest sum. For instance, consider

the following attributewise preferences with equal weight,

rank Xl X2 X3 o |
i
1st A1 A1 Az f
Znd AZ' A3 Al
Here we obtain: rank (Al) =1+ 1+ 2 =4, rank (AZ) = 6, and rank (As) = 8. ‘

- i

But this method fails to take full account of the com;éﬁggiion hypothesis, ~§
because the final rank of an alternative only depends on its own attribute-
wise ranks (which are summed) without taking account of all the other alter-
native attributewizg.ranks at theﬂsame time. Thus in spite of its apparent
simplicity, this mééhod fails to meet our basic linear compensation require- .
ment. Required is a means of finding an overall ranking which simultaneously

uses all information contained in the attributewise ra..iings rather than

using this information sequentially as in the sum-of-ranks.
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A compensatory model from this simple approach is devised. Let us
define a product-attribute matrix m as a square (m x m) nonnegative matrix
whose elements LI represent the frequency (or number) that A. is ranked

i

t oy . . . .
the k h attributewise ranking. For example,the corresponding m matrix

with the equal weight on the attributes is

Ist 2nd 3rd

A1 2 1 0
n=A2 1 1 1
2

AS L 0 1

For the different weight w = (wl, o ws) = (.2, .3, .5), m matrix beccmes

2+.3 5 0 5 5 0 -
o= 5 2 .3 = 5 2 3
0 3 2+.5 0 3 7

I1f any attribute is tied in the ranking, for example,

Trank Xl(wl)
1st Al’ A2
2nd

. 3rd A3

it can be equalized by taking one more attribute with half of the original

weight value such as

PR




1st A1 A2
2nd A, A ‘fl
3rd A3 A3

It is understood that Tk measures the contribution of Ai to the overall

. . t e s
ranking, if Ai is assigned to the k h overall rank. The larger w,, indicates

ik
the more concordance in assigning A, to the k" overall rank. Hence the
. _ .
problem is to find A.1 for each k, k = 1,2,...,m which maximizes I LI
k=1

This is an m! comparison problem. An LP model is suggested for the case
of large m.

Let us define permutation matrix P as (m x m) square matrix whose
element Pik =1 if Ai is assigned to overall rank k, and Pik = 0 otherwise.

The linear assignment method can be written by the following LP format, - .

m m

max I r w.,, P. (3.21)
i=1 k=1l ik ik .

subject to

m
I P, =1, i=1,2,...,m (3.22)
k=1 1k
m
z = = “en .
z Pik -1, k=1,2, ,m (3.23)
i=1

Recall that Pik = 1 if alternative i is assigned rank k, and clearly

alternative i can be assigned to only one rank, therefore, we have eq. (3.22).
Likewise, a given rank k can only have one alternative assigned to it;
therefore; ;e have the constraint of eq. (3.23).

HuLet the optimal ermutation matrix, which is the solution of the above

LP problem, be P*. Then, the optimal ordering can be obtained by multi-

plying A by pP*.



Numerical Example (The Fighter Aircraft Problem)

From the original decision matrix of the fighter aircraft problem,

we can easily obtain the following attributewise preferences.

N,

Rank X1 X2 - X3 X4v XS X6
1st A, A, A A A, A,
2nd Ay Ay ARy A AR A
3rd A, A, A Ay,
4th A, A A, A, A,

Three attributes x3, XS’ and x6 have tied attributewise rankings. These

can be equalized as

rank X X X X.. X X

31 "32 51 752 61 "62 -
1st Ay Ay Ay Ag AL A
2nd Al AL A A, Ay Aq
3rd Ay A Ay A A, A,
4th A, A, A, A, A, A,

where each of these rankings has the half weight of the tied ranking. The

DM has. set up the weight of w = (.2, .1, .1, .1, .2, .3); then the = matrix

becomes
T3t e 374 4t
‘4 .3 .15 .45 .1 _} Al
, T3 0 .15 .55 A, . -
T = S ‘ o
- .4 : .4 -0 .20 A3
i p .45 .40 '15__ A4 .
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= = 0.1 0.15 = 0.3
where "1 el * Weo 5+ 5 , W

!
+
x

|

127 % T ¥ T
= .2+ .05 + .1 + .1

= W. + + W .45, etc.

Tz T M T e YWy Y Yy

The LP formulation with the above = matrix is

4 4
max L I 1 P
ik k
i=l k=1 © 7t
4
s.t. L p,., =1, i=1,2, ,4
ik
k=1
4
L P. =l, k=l:2» . »4
. ik
i=1

P.. > 0 for all i and k

The optimal permutation matrix P* is

0

0

0

0

0

1 0 0 0

0 1 0 0

Applying the permutation matrix P* to A, we find the optimal order:

A« P*=A*= (A_, A A

37 4 Al’ 2)'

A

Note -

The method giveS an overall ﬁreference ranking of the alternatives
based on.a set of aFtributewise rankings and a set of attribute weights.
The mathemat}cal\formulation of the model leads to a special type of linear '” 
assignment problem. For c?mputational purposes, many efficient lineaf assign-
men£ computér codes are available; hence special computer packages are not
necessary.

The method features a linear compensator; process for attribute inter-

But only ordinal data, rather than'cardinal data,

action and combination.

are used as the input. This weaker information requirement is attractive.
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Besides being able to determine the best alternative, the method has
certain unique advantages in application [25]. For data collection, all
that is required is the attributewise rankings. Thus we eliminate the
tedious requirements of the existing compensatory models; e.g., the rather
lengthy procedures of ''tradeoff" analysis are not required. The procedure
also eliminates the obvious difficulties encountered in constfucting ap-
propriate interval-scaled indices of attributes as required for regression
analysis to be applicable. Even though a lengthy data gathering effort is
eliminated, the method does satisfy the compensatory hypothesis, whereas
other procedures which rely on minimal data do not. For example, the
elimination by aspect (2.2.2) approach, and the lexicégraphic method“(Zlé:l)

are not truly compensatory.




-
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2.3.2 SIMPLE ADDITIVE WEIGHTING METHOD

Simple Additive Weighting method (SAW) is probably the best known !

T

~and very widely used method of MADM. The method is well summarized by

g

MacCrimmon [273]. A basic discussion of the underlying considerations is

IR

given by Churchman and Ackoff [56}, and by Klee [239a]. (See Table 1.3

for references.)

AT TR T

To each of the attributes in SAW, the DM assigns importance weights y
which become the coefficients of the variables. To reflect the DM's marginal :
worth assessments within attributes, the DM also makes a numerical scaling

of intra-attribute values. The DM can then obtain a total score for each : ﬁ

alternative Simply by multiplying the scale rating for each attribute value
" by the importance weight assigned to the attribute and then summing these’:

products over all attributes. After the total scores are computed for each

alternative, the alternative with the highest score (the highest weighted

| average) is the onegagescribed to the DM.

Mathematically, simple additive weighting method can be stated as ‘

follows: Suppose the DM assigns a set of importance weights to the attri-

butes, w = {wl, Wos o wn}. Then the most preferred alternative, A*, is
selected such that
n n
*
= {A. |max I w.x. ./ I w.} (3.24)
1 I i j=l J 1] j=1 -

-, .th . .t Ly .
where xij is the outcome of the i~ alternative.about the j h attribute with

a numerically comparable scale. Usually the weights are normalized so
n N - c3 . f 1
that L wj = 1.

j=1
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Numerical Example (The Fightef Aircraft Problem)

The decision matrix after assigning numerical values (by using the

interval scale of Fig. 2.1) to qualitative attributes is

; X1 X, X3 X, XS X6 |
{ 2.0 1500 20,000 5.5 5 N S
2.5 2700 18,000 6.5 3 5 A2
0T 1.8 2000 21,000 4.5 7 7 A3

_}.2 1800 20,000 5.0 5 S_J A, ‘

| Simple additive weighting method requires a comparable scale for all elements i%

in the decision matrix. The comparable scale is obtained by using eq. (2.2)

for benefit criteria and by eq. (2.4) for cost criteria, that is,

,
r.. = —1 j =1,2,3,5,6 .
1] x* :
j
and : B «
erli;nﬁ- \-ip :
1 T = A
i4 x
! \ ‘ 14
b
o 3 The comparable numerical decision.matrix is
L | X % X3 2 % X
o —
0.80 0.56 - 0.95  0.82 0.71 1.0 | A
: 1
o 1.0 1.0 0.86  0.69 0.43 0.56 | A,
i D' = - o b
0.72 0.74 1.0 1.0 1.0 0.787] Ay T
L0.88 0.67 0.95 0.90 0.71 0.36_- A,

Assume that the DM assigns the set of weights to the attributes as

w= (0.2, 0.1, 0.1, 0.1, 0.2, 0.3). Then the weighted average values
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for the alternatives are:

6
Al = I w.x . = 0.835
j=1"

= 0.70 N
A, = 0.709

= 0.852
A

= 0.738 |
A4 i

Therefore, A3 is selected.

Note

Simple additive weighting method uses all n attribute values of an
alternative and uses the regular arithmetical operations of multiplication

and addition; therefore, the attribute values must be both numerical and

comparable. Further, it is also necessary to find a reasonable basis on-

e - .
-

which to form the weights reflecting the importance of each of the attributes,

In the fighter aircraft problem, for instance, the weights, w= (0.2, 0.1, 0.1,
v.1, 0.2, 0.3), imp{y that maximum speed (Xl) or reliability (Xs) is twice as
important as ferry range (XZ) or maximum payload (XS) or acquisition cost (Xl).
What does it mean to say that one attribute is twice as important as another?l

The ambiguities of such judgments must be apparent. Although techniques

such as eigenvector method, weighted least square method, entropy method, etc.

b

(see Section II- 5) have been suggested for determining such weighted values,
the DM must be very careful in ;ssigning these numerical values.

The attriBute values must be put into a numerical and comparable form.
They must bé_coméarable because we are going to combine across attributes; e.g.,
a "“*high" value for one attribute must receive approximately the same numerical
values as “"high" values of other attributes.

When weights are assigned and attribute values‘are numerical and comparable,
some arbitrary assumptions still remain. Note that 0.36 (=r46) multiplied by
0.3 (=w.) and 1.0 (=r44) multiplied by 0.1 (=w3) both yield about the same

product. If we iﬁtcrpret 1.0 as being an exceptional attribute value and



0,36 as ?eing a below average attribute value, then this identity implies
that an exceptional maximum payload and a somewhat below average maneuver-
ability just offset each other. By "offset each other'" we mean that both
make the same contribution to the weighted average. Thus there exist some

difficulties in interpreting the output of the multiplication of attribute”

values by weights.

Attributes cannot -often be considered separately and then added togéfher 3

because of the complementarities between the various attributes, the approach

of weighted averages may give misleading results., But when the attributes

can in fact be considered separately (i.e., when there are essentially no

et e — T

important complementarities), simple additive weighting method can be a

very powerful approach to MADM. The approach will lead to a unique choiéé'““u

since a single number is arrived at for each alternative, and since these numbers

will usually be different. For this reason, and because it has some intuitive
&

appeal, it is freqﬁently used [273]. i
_ «
The utility functions being used for uncertainty can be equally used

e

in the case of certainty, and is called value function V(xys Xp0 vves X ). A
e : n’" 0

value function satisfies the following property:

LX) (k] xy, ., x1)

1 ' '
Vi(x,, x_, ..., xn) Z_V(xl, x!, ..., xn) G»_(xl, Xos oee N > 1

1 2

/

For independent attributes, a value function takes the form

2,'..., xn) = W.T

NS

n™~3
n o~

V({x,, X w.v.(x.) =
St 505

1 ) j

R

J

where vj(.)_is the value function for the jth attribute and rj is the jth
attribute transformed into the comparable scale. A utility function can be

a value function, but a value function is not necessarily a utility function;

Sy




that is,

» X )

cee, xn) = V(xl, xz, Ce n

U(xl, Xos

Hence a valid additive utility function can be substituted for the simple

additive weighting function.

Nonlinear Additive Weighting: In simple additive weighting method, it

is assumed that the utility (score, value) of the multiple attributes can be
separated into utilities for each of the individual atfributes. AWHen'the |
attributes in question are complementary (that ié, eibellénce wiﬁh‘respect‘to
one attribute enhances the utility of excellence with respect to anotherj, 6r
substitutes (that is, excellence with respect to oné‘attribufé reduces the
utility gain associated with excellence with respect fo other attributeg); it
is hard to expect that attributes take the separable additive form. Theri the
overall score or performance can be'made in a quasi-additive or multilinear
form. Basic theoretical matters are discussed by Fishburn [108, 128], and
Raiffa and Keeney [BM-13}. But theory, simulation computations, and Txperience
all suggest that simple additive weighting method yields extremely close

approximations to very much more complicated nonlinear forms, while remaining

far easier to use and understand [86, 90a].

A T
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maneuverability. Their priorities (weights) are derived from the various
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2.3.3  HIERARCHICAL ADDITIVE WEIGHTING METHOD

In simple additive weighting method (SAW), the weighted averages {(or

priority value) for alternative Ai are given by

n n
I w, x../ I w
j=1 J 1] j=1 J
n
where in general, I w. = 1, and xij is in a ratio scale.
j=1

' Klee [239a] interprets the ratio xij as the subscore of the ith alternative

. .th . -
with regard to the j criterion. Then the vector x, = ( X. .,

*150 %250 0 X4

cens xmj) may indicate the contribution, importance (another weight) of Ai's

.th . . . .
for the Jt criteria as the weight vector w represents the importance of

-different criteria for the decision problem. If we impose

[ 1
Y
1
—
-
s
1
—
.
N
-
.
-
=
s

i=1

the SAW is simple to compose weights(from the different levels. This apbroach
matches Saaty's [350] hierarchical structures. For example, the fighter air-
craft decision problem by the SAW can be represented as a hierarchy with three
levels. 1In Fig. 3.4 the first hierarchy level has a single objective, the
mission effectiveness of the fighter. . Its priority value is assumed to be
equal to unity. fhe secqnd hierarchy level has six objectives (attributes),

maxiimun speed, ferry range, maxinun payload, purchasing coest, reliability, and

weight assessing methods with respect to the objective of the first level.

The third hierarchy level has the four fighters considered. In this level

priérities should be derived with respect to each objective of the second

level. The object is to determine the priorities of the different fighters

on mission effectiveness through the intermediate second level.

o TR A e AR ek LT
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Mission Effectiveness of Fighter Aircraft

First Level-

Fighters

Fie. 3.4 A hierarchv for priorities of fighter aircrafts.

N
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A formal hierarchy [350}: It is essentially a formalization in terms of

partially ordered sets of our intuitive understanding of the idea. It has
levels: the top level consists of a single element and each element of a

given level dominates or covers (serve as a property of a purpose for) some

or all of the elements in the level immediately below. The pairwise comparison
matrix approach may be then applied to compare elements in a single level

with respect to a purpose from the adjacent higher level. Tﬁe process 1is
repeated up the hierarchy and the problem is to compose the resulting priorities
(obtained by either eigenvector method or least weighted method) in such a

way as to obtain one overall priority vector of the impact of the 1owes£
clerents on the top element of the hierarchy by successive weighting and
composition.

Let the symbol Lk represent the kth level of a hierarchy of h 1evels;

-

Assume that Y = {yl, Yys vees yk} e L, and that X = {xl, T xk+1
i

Also assume that there is an element zgl such that Y is covered

€ L .
k+1 k-1 s

by z. Then we consider the priority functions
w : Y > [0, 1] and wy: X -+ [0, 1]

We construct the "priority function of the elements in X with respect to z "
denoted w, w: X » [0, 1], by

: wyj(xi)wz(yj), ) i=1,2,...,k+l (3.25)

It is obvious that this is no more than the process of weighting the influence
of the element yj on the priority of X by multiplying it with the importance

of yj with féspect to z.

S

K

,
Sl e G bR s Foiien s

i 2 N S R A 2
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The algorithms involved will be simplified if one combines the w (xi)

Y.
)
into a matrix B by setting bij = wy (xi). If we further set Wi = w(xi) and
j
W3 = wz(yj), then the above formula becomes
k
= ! 1 =
Wi jil bijwj’ 1 1,2,...,k+l (3.26)

Thus, we may speak of the priority vector W and,indeced, of the priority matrix
B; this gives the final formulation W = BW',
A hierarchy is complete if all xeLk are dominated by every element in

h. Let H be a complete hierarchy with lowest element b and

*)

L s k=2,

h levels. Let Bk be the priority matrix of kth level, k = 1,2,...,h. If W

. N th . .
is the priority vector of the p  level with respect to some element z in

the (p—l)St level, then the priority vector W of the qth level (p < q) with

i

respect to z is given by

W = Bqu_1 R Bp+1W' ) (3.27)

Thus, the priority vector of the lowest level with respect to the element b
f’

is given by:

W= BB | ... BN (3.28)

If L. has a single element, as usual, W' is just a scalar; if more, a vector.
1 g ;

 d

Numerical Example 1 (The Fighter Aircraft Problem)

The decision matrix of the fighter problem with all numerical attributes is

Y

X X X X X X

| 1 2 3 4 5 6

A, [(2.0 1500 200000 5.5 5. 9 0 )
D= A, 2.5 2700 18000 6.5 3 S

-AS 1.8 2000 21000 4.5 7 7

A, 2.2 180 20000 5.0 s 5
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All elements of the fighter decision matrix are already given; thus it is not
necessafy to use the pairwise comparison matrix to assess the relative con-
tribution of fighters for each criterion (attribute). This is the consistency
case of matrix A in the eigenvector method. Instead priorities are directly

obtained by

X. .
1)
kJ = 4 » ) = 1:2:315:6
L X..
i=1 M)
1 4 1
= -/ r =, j = 4 (cost criterion)
X, . . X, .
ij i=1 "ij
Then
B, = [p;;]
X X Xy X4 Xg Xe -
= A1 .2353 .1875 .2532 L2399 .25 .3462
A2 .2941 .3375 L2278 L2030 .15 .1923
A .2118 .25 .2658 2932 .35 .2692
A4 .2588 .2250 L2532 .2639 .25 .1923

Assume that the DM's assessment of weights about six attributes be |

B, =wal2 .1 .1 .1 .2 .37

The composite vector for the hierarchy of mission effectiveness (see Fig, 3.4)

is given by

Wz B, x By xW ' ;
Y | 260 Y : . o , s ]
- A, .223 /
A3 .274 zé
- A4 .234 é
4
where W' =1 (becaﬁse of single element in Ll). AS should be selected. :

Furthermore it is noticed that both SAW and hierarchical additive weighting

give the same preference ordering, i.e., A3 > A1 > A4 > A2.
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Numerical Example 2 (The Choosing of a Job [350])

A student who had just received his Ph.D. degree was offered three jobs.
Six attributes were selected for the comparison. They are: research, growth,
benefits, colleagues, location, and reputation. His criteria for selecting the
jobs and their pairwise comparison matrix are given in Table 3.2. Due to the
vague nature of the criteria, he constructs the pairwise comparison matrices of
the jobs with respect to each criteria rather than the decision matrix. They
are given in Table 3.3,

The eigenvalues of the matrix of the Table 3.2 is Amax = 6.35 and the

corresponding eigenvectbr is
RS G B C L RP

B, = [.16 .19 .19 .05 .12 .30}

The eigenvalue and the eigenvectors of the remaining matrices are given-by

S 3,02 3.02  3.56  3.05 3. 3.21
RS ¢ B C L RP

B, = A- [.14 .10 .32 .28 .47 .77
B .63 .33 .22 .65 .k7 Y

c .24 .57 .46 .07 .07 .05

The composite vector for the job with h=3 is given by

W = B3 X ﬁz X W!
=By x B
. = A r.40
34 ¥
c |.26 .

The differences were sufficiently large for the candidate to accept the offer

of job A, -
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Table 3.2 Overall satisfaction with job

Research  Growth  Benefits  Colleagues Location  Reputation

Research 1 1 1 4 1 .%
Growth ] 1 2 4 ] %
Benefits 1 L 1 5 3 1
enefi 5 >
1 1 J 1 1
Colleagues 7 T T 1 3 3
f Location 1 1 %— 3 1 1
! Reputation 2 2 2 3 1 1
f
!
}
i
; Table 3.3 Comparison of jobs with respect to six attributes
L.{ R
i
}F&[
;{ Research (RS) Growth {G) Benefits (B) ¥
A B C A B C A B C 3
: 1 1 1 1 1
; A = = - = el |
l‘ 4 2 A 4 5 A 1 3 3 "2
i P
| B 4 1 3 B4 1 X B L1 1 3
2 3 %
! c 2 L1 c 5 2 1 c 31 1 3
: 3 4
¢ -
? : Colleagues (C) Location (L) Reputation (RP)
A B C : A B C A B C ;
A 1 ~l— 5 A 1 1 7 A 1 7 9 : ‘;"
3L - ) Y i
B 3 I 7 B 1 1 7 B %— 1 5 :
11 11 11
¢ 5 7! ¢c 7 7 1 ¢ g5 1!




Numerical Example 3 (Psychotherapy [350])

. . . it

The hierarchical method may be used to provide insight g
into psychological problem areas in the following manner: Consider an in-
dividual's overall well-being as the single top level entry in a hierarchy.

Conceivably this level is primarily affected by childhood, adolescent, and

adult experiences. Factors in growth and maturity which impinge upon well-

being may be the influences of the father and the mother separately as well

as their influences together as parents, the socioeconomic backbround; sibling
relationships, one's pcer group, schooling, religious status, and so on.

Here we consider a highly restricted form of the psychological problem,
where the individual in question feels that his self-confidence has been

severely undermined and his social adjustments have been impaired by a

o

restrictive situation during childhood. He is questioned about his child-
hood experiences only and is asked to relate the following elements pair-
wise on each level:

Level 1 ~ Overall well-being (0.W.)

Level 11 Self-respect, sense of security, ability

to adapt to others, (R, S, A).
Level 1171 Visible affection shown for subject (V),
<« Ideas of strictness, ethics (E),

Actual disciplining of child (D),

B

Emphasis on personal adjustment with others (0).

Level TV |

Influence of mother, father, both (M, F, B), '

The actual hierarchy is shown in Fig. 3.5.
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11 well-being.

of overa

chy

Fig. 3.5 A hierar
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The replies in the matrix form were as follows:

i) for L

2
0.,
R S A
R| 1 6
]
s| L
6
1 1
AT 3
ii) for L3 .
R S
V E D O V E D O V E D
vii e 6 3 viil 6 6 3 v1%%—
El L 1 4 3 E| X 1 4 3 Els 1 4
1 1 1 1
DEE15D%Z17033—1‘:
ol 1 1 2 1 o}l 1 2 1 of1 5 4
| 3 3 303
i11) for L4
v . D 0
M F B M F B M F B M F B
Ml 1 9 4 Ml1 1 1 M|1] 9 6 Mi1 5 s
1 1 ] ]
s 1 8 F[1 1 1 s 1 3 Flz 1 3
Bl 1 1 1 Bl1 1 1 B|1 4 1 Bl1 3 1
i 3 6 5
-

The eigenvector of the first matrix is given by

0.H.
.701

R
S 193 -
A .106

The matrix of eigenvectors of the second

R
Y . 604

= E .21
B, 3
D .064
0 119

A

.127
.281

.120

.463

row of matrices is given by
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The matrix of eigenvectors of the third row of matrices is given by

\Y E D 0
M .721 .333 .713 701
B4 = F .210 .333 .061  .097
B | .069 . 333 176,202

The final composite vector of influence on well-being obtained from the product

B,B_B_ is given by

47372
M .635
W= F .209
B . 156
Note

When the decision piroblem has a large number of attributes, say more than

seven, it is easier to assess the set of weights using the hierarchical “structure
of the objectives. Miller [BM-17] gives a job choice exémple in which he

identifies four major attributes influencing the choice: monetary}gompensation,

geographical location, travel requiremena;, and nature of work. These factors
are then decomposed into the more specific attributes cLaracterizing“each of

the possibJe jobs. For instance there are climate, degree of u1ban1ty,>f

< vy T

.proximity to re&atlves under the class of geographlcal locatfﬁh Flrst he i?
R 2 .

assesses the weights of the four maJor attr1butes~ then he’ Judgesvw1t n*f

ecach class. The-composition of these dlffelent welghts leads to’the welg ts

- - ; -

e
on the lowest level attrlbutes. MacCrlmmon termed thlS approach

——¥ .

hlerarchlgal additive velghtlng in his review [275] It is true that both e -

= K aett

Miller and Saaty use the h1eralch1cal structure for . “dlfferent purpgsbs;

assessing weights, evaluatingfélternatives. But we ‘féel that Saaty's approach

deserves to be named "Hierarchical Additive Weighting Method" in the sense
that it 1s the vertical extension of the SAW.

When a hierarchy has only three levels, it is equivalent to SAW. Hence
e I3

S —

Saaty's approach 1s really worth utilizing when h > 3.
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2.3.4 ELECTRE METHOD

The ELECTRE method (Elimination et Choice Translating Reality) was

originally introduced by Benayoun et al. [20]. Since then Roy, Nijkamp,

van Delft et al. [303, 344, 345, 349, 413] have developed this method to the

PR S e A 22,

present state.

ELECTRE uses the concept of an ‘outranking relationship'. The out-

ranking relationshipiof A A1 says that even though two alternatives k

k

and % do not dominate each other mathematically (see 1.1.1 Dominance), the

DM accepts the risk ‘of regarding Ak as almost surely better than A2 [345].
Through the successive assessments of the outranking relationships of the other
alternatives, the dominated alternatives defined by the outranking relation-
ship can be eliminated. But the construction of this paffial order is not: |
an unambiguous task for the DM. ELECTRE sets the criteriaﬁfor the mechaniéél

asscssment of the outranking relationships.
-
This method comsists of a pairwise comparison of alternatives based
on the degree to which evaluations #f the alternativeés and the preference
weights confirm or contradict the palrwise dominance relationships between

alternatives. It examines both the degree to which the preference weights._
o : o ae -
are in agreement with pairwise dominance relationships and the degree to g

q

which weighted evalqgtions differ from each other. These stages are based

on a 'concordance and discordance' set, hence this method is also called

-— . ~  en -

X -

concordance analysis [305].
s i o R T

R <)

The ELECTRE method takes the following steps: < -

Step 1. Calculate the normalized decision matrix; this procedure

transforms the various attribute scales into comparable scales.
. RN e _j:u.‘,;;ﬁg
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Each normalized value rij of the normalized decision matrix R can

" be calculated as;

X,
= T 5 R R = -
ri] - ’ Frll r12 - . r1n (3.29)
/Y I x2
i=1 1 o1 T2ttt Top
Tml rm2 e rmn

so that all attributes have the same unit length of vector.

Step 2. Calculate the weighted normalized decision matrix: This

K

matrix can be calculated by multiplying each column of matrix R with

its associated weight wj.' Therefore, the weighted normalized decision

N . . kLR
matrix”V is equal to -
g -
V= RW » | ) —
-v e V.. ae.oovo 1 Twer obwer o Lo W
11 S b In 111 31 - n 1nd
\% \ v W.T W.T W T
ml mj mn 1"'ml j mj n. mn
: L (3.30) ‘
_where e o _“AAw- 5:
) '&‘.sr ! SR g
= 0 -
W W 3
" ” e
0 4
Sy —
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Step 3. Determine the concordance and discordance set: For each

pair of alternatives k and 2(k, £ =1,2,...,m and k # &), the set of decision

criteria J = {jlj = 1,2,...,n} is divided into two distinct subsets. The f

concordance set Ckl of Ak and Al is composed of all criteria for which A is

k ]

preferred to Al' In other words, ﬂ

i?{?

Cp = Ul 2 %50 (3.31) |

;

The complementary subset is called the discordance set, which is %
Dyp = {; hkj < xlj}

= J - : 3.32
) ) (3.32)

Step 4. Calculate the concordance matrix: The re}ative value of tlre-

concordance set is measured by means of the concordanceiindex. The concor-

cl -~ 3 .

dance index is equalz.to the sum of the weights associated with those criteria

L the concorrance set. ‘Therefore, the concordance index

"('Z“

Ckl between Ak and Al }5 deflﬁed as: "

(3.33)

Fru
A

The concordanée index reflects the relative:importance of A with respect.

k

to A, . Obviously, 0 Sy 2 1. A higher value of s indicates that AL

is preferred to Ay as far as the concordance criteria are concerned.




A

118

The successive values of the concordance indices Ckl(k’ L =1,2, ..., m

and k # &) form the concordance matrix C of (m x m):

€12 ' “In
c —_— c c :
C - 21 23 21 (3.34)
“ml “m2 "t Cm(m—l) o

It should be noted that matrix C is, in general, not symmetric.

Step 5. Calculate the discordance matrix: The concordance index re-

flects the relative dominance of a certain altérnative over a competing . _

alternative on the basis of the relative weight attached to the successive

decision criteria. -So far no attention has been paid to the degree to which:

e

the evaluations of a certain A are worse than the evaluations of competing

k .
Ay Therefore a second index, called the dischdance index, has to be
defined,
max l Vij " Vljl : |
10y o fx
d = (3.35)
K hax v - vy |
jed k) L)

-

It is clear that 0 < dki <1. A higher-value»of-dklnimplies-that,nfor the

discordante_criteria, Ak 1s. less favorable than AZ , and a lower value of

dkl’ ék is_favorable to A - The discordance’

i e N R .~;r.‘~v~ ‘., v,..".z “,;.-_;,_ S ;,'._._-;-‘3"“-"‘,"'_"!'.:' M

PN

it S s

S R R
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—_ dJ_Z . dlm

d — 4 d

Dx = 21 23 2m (3.36) |
i

. 3

d . .. dm(m—l)—— %

ml _.‘ i

Obviously, matrix DX 1s, 1n general, asymmetric.

It should be noticed that the information contained in the concor-
dance matrix differs significantly from that contained in the diséordance
matrix, making the information content C and DX complementary; differences

among weights are represented by means of the concordance matrix, whereas.dif-

ferences among attribute values are represented by means of the discordance

matrix.,
5

Step 6. Determine the concordance dominance matrix: This matrix can

be calculated with ‘the aid of a threshold value for the concordance index.

Ak will only have d chance of dominating AL’ if its torresponding concordance

index ¢, , exceeds 3t least a certain threshold value ¢, i.e.,

. >E
kg =

-

This .threshold valye.can be determined, for example, as the average concor- ,;
. 4 ‘_. e

dance index, 1i.e.,

Ckz/m(m - 1) (3.37)

Ol

il
=~
e !l 3
.0 M3

o
o o

1
k
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On the basis of the threshold value, a Boolean matrix F can be constructed,

the elements of which are defined as

fa=1, if ¢ > ¢ (3.38)

fkl = 0, if C1q < ¢

Then each element of 1 on the matrix F represents a dominance of one alter-

native with respect to another one.

Step 7. Determine the discordance dominance matrix: This matrix is

constructed in a way analogous to the F matrix on the basis of a.threshold

value d to the discordance indices. The elements of 84 of the discordangce

dominance matrix G are calculated as

R

m
I d,/m(m- 1) , (3.39)

Bxe

Also the. lnit elements in the G matrix represent the dominance relat#nships

between any two glternatives.

Step 8: Determine the aggregate dominance matrix: The next step is
to calculate the intersection of the concordance dominance matrix F and

discordance dominance matrix G. The resulting matrix, called the aggregate

NS T
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dominance matrix E, is defined by means of its typical elements €y as:

(3.40)

Step 9. Eliminate the less favorable alternatives: The aggregate

dominance matrix E gives the partial-preference ordering of the alternatives.

If ey = 1, then Ak

dance criteria, but Ak still has the chance of being dominated by the other

is preferred to Al for both the concordance and discor-

alternatives. Hence the condition that Ak is not dominated by ELECTRE pro-

cedure is,

1, for at least one 2, £ = 1,2,...,m, k # 2 (3.41)

Y ’

e 0, for all i, i = 1,2,...,m, 1 #k, 1 # &

ik
This condition appears difficult to apply, but the dominated alternatives

can be easily identified in the E matrix. If any column of the E matrix has

R . . - g
at least one clement of 1, then this column is ‘ELECTREcally' dominated ~%#
by the corresponLing row(s). Hence we simply eliminate any column(s) which

have an element of-1.

Numerical Example (The Fighter Aircraft Problem)

Qualitative.jttributes are quantified with the scale of; very high = 9,

high = 7, average = 5, and low = 3; then the decision matrix of the fighter

problem is,

) "X X, X, X, x6_
2.0 1.5 2.0 5.5 5 9 A
D= |{"2.5 2.7 1.8 6.5 3 5 A,
1.8 2.0 2.1 4.5 7 7 Al -
2. . )
| 2.2 1.8 2.0 5.0 5 5 | A,

5 £ T S I R L

AT st i
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The DM determines the preference weight of w = (.2, :l, .1, .1, .2, .3).

Step 1. Calculate the normalized decision matrix:

L4671 . 3062 .5056 .5063 .4811 .6708
.5839 .6591 .4550 .5983 . 2887 .3727
.4204 - .4882 .5380 .4143 .6736 .5217
.5139 .4392 .5056 .4603 .4811 .372?J

Step 2. Calculate the weighted normalized decision matrix:

(‘l"i >

!J:Vtr;—'a\ X ¢ 3 O b _
.0934 . 0366 .0506 .0962 L2012
L1168 L0659 .0588 .0577 .1118

.0841 .0488  .0531  .0414  .1347  .1565
L1028 0439 .0506  .0460 .0962 .111§J

Step 3. Determine the concordance and discordance sets: Remember X4 1s cost

attribute, then C,_  and D, __ are obtained. They are:

kg ke :
c,, = {3, 4, 5, 6] D, = {1, 2) :
Ciz = {1, 6} ! D 4 = {2, 3, 4, 5} '
Ciq = (3.5, 6} «D = {1, 2{ 4}
Cy) = {1, 2}. | D,, - {3, 4, 5, 6}
Cpp = (1, 2}, D,, = {3, 4, 5, 6]
Cy = 11, 2, 6} o D, = (3, 4, 5)
Cyy = {2, 3,4, 5) ? D, = {1, 6} ** )
Cyp = (34,5, 6) D,, = (1, 2) uﬁ
Ciy = (2,73, 4,5, 6) 0, = (1) '
C, = 11, 2,3, 4,5) D,, = {63 ’
Cyy = {3, 4, 5, 6) | Dy, = (1,.2)
Cyq = (1) 0,5= (2, 3, 4,5, 6]
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Step.4. Calculate the concordance matrix: An element <17 of the C matrix b

1s calculated as

c12 = .Z wj = w3 + w4 + wS + w6 = 7
JECIZ

Then the concordance matrix is

{ X ¢ s
= -
' — 7 ) 6 xji
€=l s — .3 .6 .
‘1.5 .7 — .8
¢ 7 .7 2 —
\ I HAI:V_ - 4
VNN
lf_b')’,‘. v/
Step 5. Calculate the discordance matrix: An element d12 of the D, matrix
is obtained as
max | vyg - vyl -
) Jel s .
127 max [ v, - v, .|
. 2
jed 1] )
max{.0234, .0293}
max{.0234, .0293, .0051, .0092, .0385, .0894} "L : ‘
L) . \ \:
.0293 -
= Tosod ¥ 3277
The discordance matrix is
2 - * ’
[ .3277  .8613  .1051 K ;
- ! g LSS ,V/
Dx =. .1: + ~1. 1.
1 .4247 —_— .4183
1 .5714 1 — ‘
- ] e
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Step 6. Determine the concordance dominance matrifg If we

old value of ¢, as the average concordance index, then

kg

LI e B =

k&

0]

]
Xl
N

The concordance dominance matrix is

Step 7. Determine the discordance dominance matrix:

as the average discordance index, then

4 4
I I d
k2
— k=1 &=1 _
d i _.7757

-
— -
— 1 0 1
G = ™ o0 0

The value of d is taken

G

take the thresh-

¥
o
i
gai
e
¥
3
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Step 8.

Determine the aggregate dominance matrix: Combining matrices of F

and G, the aggregate dominance matrix is obtained as

\ ¥ ¢ v
) F.__ 1 0 1
E = 0 o 0 0
“ o ) — 1
ZL— 0 1 0 -—

Step 9. Eliminate the less favorable alternatives: The E matrix renders

the following overranking relationships: Al * AZ' A+ A

17 A Ay Ay Ag A

3 4’°

A4 -+ A2. These relationships are well illustrated by the graphical represen-
tation,
A1 - A2
A
3 > Ay

We can easily see tggt A2 and A4 are dominated by Al and A3. But we cannot

tell the prLference‘relation between A

: 1 and A3.

This relationship can also

be directly identified from the E matrix (see the first and the third column

of the E matrix whiéﬁ do not have any element of 1.) Hence A2 and A4 can. be

eliminated by ELECTRE method.

b o
’ o2

Note

A weak point of the ELECTRE method is the use of threshold values ¢

Y

and d. These values are rather arbitrary, although their impact on the

)

final solution may be significant. For example  1if we take a threshold value

c =1, and d = 0 for complete dominance, then-it is rather difficult to
eliminate any of the alternatives (in the .aircraft problem no alternative

can be discarded). And by relaxing the threshold value (c lowered; d in-

creased) we can reduce the number of nondominated solutions to the single

of




126 o

‘one (in the aircraft problem if d = .9 is taken instead of the average dis-

cordance index of .7257, then only A1 is left as a nondominated alternative).

van Delft and Nijkamp ([BM-18] introduced the net dominance relation-
ships for the complementary analysis of the ELECTRE method. First they define
the net concordance dominance value o which measured the degree to which the

total dominance of the Ak cxceeds the degree to which all competing alter-

natives dominate Ak’ i.e.,

m m
c, = L ¢ - I c (3.42)
| Koogar K gy EK
’ L#K L#K

? Similarly,the net discordance dominance value,dk is defined as

; S .
i d, = I d - L d_ (3.43)

l] k =1 kg =1 2k

| L4k . Lk

Obviously Ak has 4 higher chance of being accepted with the higher ) and

% the lower dk' Hence the final selection should satisfy the condition that

its net concordance dominance value should be at a maximum and its net dis-

o ST

cordance dominance at a minimum. If one of these conditions is not satis-

T

¥ . o ' R
A fied, a certain tradeoff between the values of y and dk has to be carried b

t
o out. The procedure is to rank the alternatives according to their net con- £

cordance and discordance dominance values. The alternative that scores on [

the average as the highest one cah be selected as the final solution. For

‘the aircraft problem, the net concordance dominance values are: ) .3, ¥

¢, = -.9, ¢g = 1., ¢, = -.4; and the net discordance dominance values are: *° b

d -1.7059, d2 = 1.0762, d3 = ~1.0183, d4 = 1.048. It happens that A3

1

i
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ranks the first and Al the second in Ck’ and that Ai ranks first and A3'

second in_dk. lfence both A1 and A3 are judged acceptable for the final

solution.

We consider the ELECTRE method to be one of the best methods because of
its simple logic, full utilization of information contained in the decision

matrix, and refined computational procedure.

TS
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N 2

2.3.5 TECHNIQUE FOR ORDER PREFERENCE BY SIMILARITY TO IDEAL SOLUTION (TOPSIS)

Yoon and Hwang [440a, 440b] developed the Technique for Order Preference
by Similarity to Ideal Solution (TOPSIS) based upon the concept.that the
chosen alternative should have the shortest distance from the ideal solution
and the farthest from the negative-ideal solution.

Assume that each attribute takes the monotonically increasing (or de-
creasing) utility; then it is easy to locate the "ideal” solution which is
composed of all best attribtute values attainable, and the 'megative-ideal"
solution composed of all worst attribute values attainable. One approach is
té take an alternative which has the (weighted) minimum Euclidean distance
to the ideal solution in a geometrical sense [381, 459]. It is arguéd
that this alternative should be farthest from the negative-ideal solution
at the same time. Sometimes the chosen alternative, which has the minimum
Euclidean distance from the ideal solution, has the shorter distance (to the
negative-ideal) than the other aiternativc(s). For example, in Fig. 3.6 an
alternative A  has shorter distances (both to ideal solution A* and to the

negative-ideal! solution A™) than the other alternative A Then it 1is very

5"
difficult to justify the selection of Al' TOPSIS considers the distances

to both the ideal and the negafive~idea1 solutions simultaneously

by taki;g the relative closeness to the ideal solution. Dasarathy [66)Juused
this similarity measure in clﬁstering - multidimensional data arrays. This

method is simple and yields an indisputable preference order of solution.

?

S




Attribute X2 (increasing preference)

Attribute Xl (increasing preference)

Fig. 3.6 Fuclidean distances to the ideal and negative-ideal solutions
in two dimensional space.
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The Algorithm

The TOPSIS method evaluates the following decision matrix which

contains m alternatives associated with n attributes (or criteria):

1 2 j n
Al X1 X2 . xlj Cen X1
Ay 1 %1 %2 o Xpy e X
b= -
Al Xi1 xi2 - ij cen in
Am _xml X 2 .- nj N xmn_
where
.th s .
A, = the i~ alternative considered,
X5 = the numerical outcome of the ith'alternative with respect to the

.th . .
j | criterion.

TOPSIS assumes that each attribute in the decision matrix takes eitner :mono-

tonically increasing or monotonically decreasing utility. In other words, the

larger the attribute outcomes, the greater the preference for the "benefit" crite-

ria and the less the preference for %the '"cost'" criteriad. Further, any outcome

-

-which 1is exﬁressed
priate scaling technique. Since all criteria cannot be assumed to be of equal
importancé;-the rethod receives a set of weights from the decision maker. For
the sake of simplicity the proposed method will be presented as a seriés of

successive steps.

Step 1. Construct the normalized decision matrix: This process tries to

transform the various attribute dimensions into nondimensional attributes,

which allows comparison acrcss the attributes. One way is to take the outcome

L . L RS e
in a nonnumerical way should be quantified through the appro-




131

of each criterion divided by the norm of the total outcome vector of the
criterioh at hand. An element rij of the normalized decision matrix R can

be calculated as

Consequently, each attribute has the same unit length of vector.

Step 2. Construct the weighted normalized decision matrix: A set of
n

JWo, e ee WoyooohW 1, L W, =1 -from the decision maker is accommo-
172 j n j=1 J

dated to the decision matrix in this step. This matrix can be calculated by multi-

welghts w = (w

plying each column of the matrix R with its associated weight wj. Therefore,

the weighted normalized decision matrix V is equal to

i 7 i ]
Vll V12 “ . VlJ “ e Vln ) erll wzrlz “ e erlJ . wnrln
«
v = -
=1 Vir Yiz ot Vi ot Vin| o= MiTin YoTi2 Y5715 "nTin
le Vm2 . an—J . erml w2rm2 cen Wj rmj PR wnrmn

Step 3. Detérmine ideal and negative- ideal solutions: Let the- two arti-

* -
ficial alternatives A and A be defined as

- ) e . - . ' .
A ={(mz‘xvijIJEJ): (m;n VijIJeJ)|1=l,2,...,m}

v} N (3.44)

Hi
i
<

>
1}

- . . ' . .
{(min Vile e . J), (max Vij|J € q ) | i=1,2,...,m)

i
—_—
<
§
<
1
<
1
L
[—

12 72 "7 Ty : (3.45)
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{j =1,2,...,n]j associated with benefit criteria)

1]

where J

1 . . .
J =1{j=1,2,...,n|j associated with cost criteria}

* -
Then it is certain that the two created alternatives A and A indicate the
most preferable alternative (ideal solution) and the least preferable alterna-

tive (negative-ideal solution), respectively.

4. Calculate the separation measure: The separation between each alter-

i native can be measured by the n-dimensional Euclidean distance. The separation

%@ of each alternative from the ideal one is then given by

il

/

}

P V//" , * 2 .

i Six = _Z Wi 7Y )7, 1=1,2,...,m (3.46)
5 ' :i J 3 1 .

Similarly , the separation trom the negative-ideal one is given by

n

n
S, = // Iov,. - v._)z, T i=1,2,...,m (3.47)
i- jap o i j

e 3
’ 5. Calculate the relative closeness to the ideal solution: The relative

*
closeness of Ai with respect to A 1is defined as

T : s (3.48)
Ciw =8, /(8,4 #'8, ), 0<cC <1, i ;,2,...,m

- * -
It is clear that Ci* = 1 if Ap = A and C,.=0 if Ai = A . An alternative

. *
Ai 1s closer to A as Ci* approaches to 1.

)
0

6. Rank the preference order: A set of alternatives can now be pref-

'

erence ranked according to the descending order of Ci*'

ELIL Ty T
-~

t
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Numerical Example (The Fighter Aircraft Decision Prbbiem)

The-decision matrix of the fighter aircraft problem after the quantifi-

cation of nonnumerical attributes of X_ and X 1is:

5 6
Xl X2 X3 X4 XS X6
A B 2.0 1500 20000 5.5 5 9—
A, | 2.5 2700 18000 6.5 3 5 T
D = ]
Ag 1.8 2000 21000 4.5 7 7 Ef
e
A 2.2 1800 20000 5.0 5 5 -
4 L | N
Note that all attributes except X4 are the benefit criteria. £1
ot
N
1. Calculate the normalized decision matrix : fg
¥f3
4671 3662 .5056 .5063 L4811 .6708 'gg
.5839 .6591 .4550 .5983 .2887 L3727 Qg
R = ) :
, .4204 .4882 L5308 .4143 L6736 .5217
.5139 .4392 .5056 .4603 .4811 3727

2. Calculate the weighted decision matrix: Assume that the relative

importance of attributes is given by the decision maker as w = (wl, Wo Wa

. w6) = (.2, .1, .1, .1, .2, .3). The weighted decision matrix 1s then
[ .0934 .  .0366  .0506 .0506 0962  .2012]
.1168 7 .0659 .0455 .0598 .0577 .1118 ‘7
V = ' N r/‘
" .0841 .0488 .0531 .0414 . 1347 . 1565 !
.1028 .0439 .0500 .0460 .0962 .1118

3. Determine the ideal and negative-ideal solutions:

*

A = (max v. max v. max v. min v. max v. max Vv.
( ) i ) i2' i3’ i . i§’ i 16)

1) 4)

\
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( .1168, .0659,  .0S31, .0414, .1347, .2012 )

>
]

min v. min v, min v. max v. min v. min v.
( N il’? . i2’ 13’ 14’ is? 16)

i i i i i 1

( .0841, .0366, .0455,  .0598, .0577, .1118 )

4. Calculate the separation measures:

/76 *‘2
S., = Yoov., - v, )T, i=1,2,3,4

S
i je1 o i j
Sl* = .0545 SZ* = .1197
5., = -0580 Sga = -1009
6 -2
S. = L v, - v. )T, i=1,2,3,4
i- . ij J .
J:l -
= .0983 = .0439
51- 5. >
= .0920 = .0458
83_ 84_

5. Calculate the relative closeness to the ideal solution:

C,, = 51—/(81* + Sl—) = .643, CZ* = .268,

C,, =013, Cpu = -312

6.~ Rank fheggreforence order: According to the descending order of

C

(%7 the preference order is:
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Note

ProBébly the best known and widely used MADM method is the Simple Additive
Weighting (SAW) method (2.3.2). This method is so simple thét some decision

makers are reluctant to accept the solution. 1In this section the SAW method is

reexamined through the concept of TOPSIS,

SAW chooses an alternative which has the maximum weighted average

+
outcome., That is, to select A such that

n n
T2 (AL | max ¢ w.r../ I w.}
1 i J=l J lJ J.__l J
n .
where I w, =1 and r..

j is the normalized outcome of Ai with respect to the
j=1

j benefit criterion (cost criterion is converted to the benefit by taking

. . : : +
the reciprocal before normalization). The chosen alternative A can be re-

written by

*
A' = (A, | max
i :

i)

v..}
1 Y

[T o Ml

Let the sceparation measure in TOPSIS be defined by the city block distance

<

[66] instead of the Euclidean distance; then the separation between Ai and

Ak can be writteh~by

; l, ik =1,2,...,m :

—

.
o
14

This city block distance measure has the following useful relationship ([440a]:

S.,+S. =5, =K i=1,2,...,n

where X is a‘positive constant.
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The relationship says that any alternative which has the shortest distance

to the ideal solution is guaranteed to have the..longest distance to the
negative-ideal solution. (This is not true for the Euclidean distance measure.)

Now the relative closeness to the ideal solution can be simplified as

C.o=S, /S, i=1,2,...,m

-Assume that the chosen alternative A+ can be described as
AT = (A,]| max C,,}
i ; i*

It is also proved that [440a]:
+ n \
AY={A, |max © v,.} = {A /| max C_,}
i A & it o i
i j=1 i

Now it can be concluded that the result of SAW is a special case of TOPSIS
using the city block distance. ' -

. values of the illustrative example -with the different separation

The C.
i

-

measures are given below:

e
.

Euclidean distance City block distance
Al ) .643 ' - .896
A7 .268 _ .244
614 .
Ag ' 629
2
Ay .312 ‘ .328

Even though they have similar values, the best alternative for the Euelidean
distance measure is Al’ and that for the city block distance is A3. The

preference orders are (Al, AS’ A4, A2) for the Euclidean distance measure,

and (AS, AI’ A4, Az) for the city block distance measure.
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TOPSIS takes the cardinal preference informafi;n on attributes; that
is, a set-of weights for the attributes is required. The-solution depends
upon the weighting scheme given by the DM. Fortunately some reliable methods
for weight assessment have appeared [54, 350, 459] which will enhance the
utilization of the proposed method. (see Section II-5).

TOPSIS assumes that each attribute takes either monotonically increasing
or decreasing utility. This monotonicity requirement is a very reasonable assump-
tion [BM-13]. A nonmonotonic utility (e.g., square utility) is a rare case,
such as the optimum number of rooms in a house or the blood sugar count in a
human body ,where the bestvutility is located somewhere in the middle of an
attribute range. ;

The two different separation measures of TOPSIS (by the city block dis- li
tance and Euclidean distance) were introduced in the previous sections.

Here they are contrasted with the concept of tradeoffs [BM-13, 277, 278]. A
tradeoff is a ratio of the chanée in one attribute that exactly offsets

a change in anothér attribute . Indifference curves are contours on a
given value (or utility) function. A DM is assumed to give equal

preference value to any alternative located on an indifference curve.

(3
The tradeoff or marginal rate of substitution(MRS) at any point is the 'gf
negative reciprocal of the slope at that point. Thus, if indifference 123
curves are given, the MRS can be calculated. Mathematically if an indif-
g
ference curve pasﬁgng through a point (Vl’ v2) is given by - @
vy = c | 3.49) -
£(vys v,) = ¢ (3.49)

where f is a value function and c¢ is a constant, then the MRS, X, at

(vl, v2) can be obtained, i.e.,
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dv - T |
A= 1 = __a._E. /._.é.f_. (3_50)

SAW or TOPSIS with city block distance measure has the value function of

t(vl,vz) = v1 + vy ‘ (3.51)

The MRS is then given by A = 1.(actﬁally A= w2/w1 in Xl and Xz space). This
implies that the MRS in SAW is constant between attributes, and the indif-
ference curves form straight lines with the slope of -1. A constant MRS is

a special rare case of MRS, which implies the local MRS is also the global

MRS,

TOPSIS with Euclidean distance measure has the value function of

S.
= ___.._1_—_____. = ’,E'
Fvp v = g5 = °¢
i- i .
a -2 -y 2 (3.52)
_ //(v1 - vl) + (v2 - v2)
Y -2 ) 2 o2
(v1 - Vl) + (v2 - v2) + invl - v1 + (v2 - V3

The MRS is now calculated by

, * ,
N Vo) * 5. (Vp - Vy)
2 . ] - (3.53)
Si- (Vl - Vl) + Sit (Vl - Vl)

It is certain that X depends on the levels of v and v, except at the point

wheére distapnces to the ideal and negative-ideal solution.are equal. When

the distances are equal, i.e.,

X = : ‘ (3.54)

=)
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when Si* =S, . It is not easy to illustrate the'general shapes of the

indifferentce curves in this case. The value function can be rewritten by
’ ¢S;p - (L -c) s, =0 (3.55)

" where 0 < ¢ < 1. Then this expression indicates a variation of hyperbola
where the difference of its weighted (c and (l-c)) distances from two fixed
points (ideal and negative—ideel solution) is zero.

Some typical indifference curves are shown in Fig. 3.7. Any curves with

Ci* > 0.5 are convex to the preference origin,which indicate the property
of the diminishing MRS observed in most indifference curves [277], whereas
indifference curves with Ci* < .5 are concave to the preference origin. This is
an unusual case of indifference curves, but it may be interpreted as a:risk—prone
attitude resulting from a pessimistic situation; when a DM recognizes his solution
is closer to the Tegative—ideal tﬁan to the ideal one, he is inclined to take
one which has the best attribute with the other worst attribute rather than
to take one which has two worse attributes. Hence this approach can be viewed
as an amalgamation of optimistic and pessimistieﬁ?ecision methods which is pre-
sented by the Hurwirtz rule [178a].

&
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e
vl b
2.4 METHODS FOR MARGINAL RATE OF SUBSTITUTION OF ATTRIBUTES GIVEN

We sometimes trade in an old car plus some amount of money for a new

car based upon our acceptance of the dealer's offer. The procedure

for this commercial transaction is applied in multiple attribute decision

making situations. If we can settle for a lower value on one attribute

Iy "")-/d'i;"

(e.g., reduce an amount in one's savings account), how much can we éxpect

to get the improved value of another attribute (e.g., enjoying a new car)?
¢l
Another specific example in choosing a car is that if one is willing to
Ly g ¥ < b
lower the'ga§!ﬁileage value, how much roomier space can one get 1if other

things remain the same? .
",,,{ & U t)\/f R
Most MADM methods except the noncompensatory model deal with tradeoffs
et Zure ‘
implicitly or explicitly. Here we discuss a method where tradeoff  infor-

mation is explicitly utilized. Marginal rate of substitution (MRS) and in-
difference curve are the two basic -terms describing the tradeoff  information.

The Marginal Rate of Substitution: Suppose that in a car selection problem,

where two attributes Xl (gas mileage) and X2 (roominess) are specified desirable

attributes while other attributes remain equal, you are asked:

If X2 is increased by A units, how much does X1 have to decrease in order

. “, - .
for you to remain indifferent? Clearly, in many cases, your answer depends

on the levels x, of X and x Of"XZ' If, at a point (xl, xz), you are willing

1 1 2
to give up AA units of X1 for A units of XZ’ then we will say that the marginal
"
rate of substitution (MRS) of Xl for X2 at (xl, xz) is A. In other words, A is '/
the amount of X1 ybu are willing to pay for a unit of X2 given that..you presently f
have xl of__X1 and x2 of X2 (see Fig. 3.8).

Making tradeoffs among three attributes is usually more difficult than
making tradeoffs between two attributes. Hence we usually consider two

attributes at a time.
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X2 (roominess)

X, (gas mileage) i

Fig. 3.8 The-mavginal rate of cubst;tution as a function of Xl'and'Xz. ,
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It should be noted that when two attributes are independent of each
other (noﬁéompensatory), tradeoffs between these attributes are not relevant.
In this case it is not possible to get a higher value on one attribute even
though we are willing to give up a great deal of another attribute.

The marginal rate of substitution usually depends on the levels of

X, and X2, that is, on (xl, x.). For example, suppose the substitution rate

1 2

at (xl, xz), the point b in Fig. 3.8,is Xb. If we hold X, fixed, we might

find that the substitution rates increase with a decrease in X2 and decrease
with an increase in X2 as shown at points a and c¢ in Fig. 3.8 for Xl (gas
mileage) and X2 (roominess). The changes in the substitution rates mean

that the more of X, (roominess) we have, the less of X1 (gas mileage) we would

2

be willing to give up to gain additional amounts of X 1

2)
less at point c than at point a. This implies that the MRS at which you would
H:-“'-*"T")
give up X for gaining X2 decreases as the level of X2 increases, i.e., the
sdrd .
MRS diminishes.

Indifference Curves: Let us consider again the car selection problem with

Xl (gas mileage) and X2 (roominess expressed by the space in the passenger

compartment). Consider A1 as a reference point, a car whose gas mileage is

26 MPG and whose passenger compartment is 81 cu ft. A  can be expressed, then,

1

e,

-

' L . o
as (26, 81) in Fig?§3.9. The indifference curve would require a new alternative,
say A2 (20, 95), that the DM would deem equivalent in preference to Al. By

obtaining a number of such points, we would trace out a curve of indifference

'

through Al.‘ The indifference curve 1s, then, the locus of all attribute values vz

indifferent to a reference point. We can draw any number of indifference
curves with the different reference points.

The indifference curve is particularly useful because it divides the set
of all attribute values into (a) those indifferent to the reference point, (b)

those preferred to the reference point, and (c) those to which the reference

and the sacrifice of X. is
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Fig. 3.9 A set of indifference curves between MPG and the space
of passehger compartment.

X -

2
e
i

g
ol

A Pt B N e




145

point is preferred. We know that any point on the preferred side of the in-
difference curve is preferred to any point on the curve or on the nonpreferred

side of the curve. Hence, if we are asked to compare A1 with any other alter-

PP
(3

native, we can immediately indicate a choice. However, if we are given several
points on the preferred side of the indifference curve, we cannot say which is
the most preferred. It would be necessary to draw new indifference curves [278].

See the preference relationships of Al - A2 > A3 > A4 in Fig. 3.9.

Three major properties are assumed for indifference curves [277]. One
ulo‘-’?:'o A : ‘;[1; S
such property is nonintersection. Intersection B
. £
implies an intransitivity of preference and its occurrence would generally
at'y L.:’

indicate a hasty consideration of preferences. A second property relates to

-.;‘/»;'{;r\tw
the desirability of the attributes considered. If we assume both attributes

are desirable, then in order to get more of one attribute we would be willing
s

to give up some amount of a second attribute. This leads to a negatively slopéd
curve to the preference origin (not to the mathematical origin). A third property
4
S .,

is an empirical matter. The indifference curves are assumed to be convex to

Y

the preference origin. This implies that the MRS diminishes. Note that the

slope of indifference curves in Fig. 3.9 gets stggﬁg; as we move up the curves (from
right to left). Also it is observed that the MRS at (xl, x2) is the negative re-
ciprocal of the sgppe of the indifference curve at (Xl’ XZ)' Thus if we have
indifference curves ,then we can~direct1y calculate the MRS.

MacCrimmon et al. [276, 277, 278] suggest some effective methods for ob-
taining indifference curves.” One of their methods has the three types of
structured é}oceduies: (a) generating points by fixing only one attribute;

(bj generating points by fixing both attributes, but fixing them one at a time;

and (c)‘\generating points by fixing both attributes simultaneously. Keeney and

Raiffa [BM-13] introduce a method using the MRS information actively.
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2;4.1 HIERARCHICAL TRADEOFFS

When interdependency exists among attributes, the consideration of trade-
offs allows us to make the alternatives much more comparable than they are
initially. That is, we can make alternatives equivalent for all attributes
except one by tradeoffs, and then evaluate the alternatives by the attribute
values of the remaining one [273, 278].

The simplest way to deal with tradeoffs on n attributes is to ignore all
but two attributes; then we discard attributes one by one through the trade-
offs between the natural combination of two attributes. The indifference
curves eassily facilitate this equivalization process.- Suppose alternatives
are located on the indifference curves. We can easily drive the one attribute
level to the same, and read the corresponding modified value of the other
attribute. The attribute which 1s driven to the same level (called base
level) is no longer necessary for further consideration. .If this .procedure
can be carried through for pairs‘of the remaining n-2 attributes, we will
have a new set of n/2 attributes. Similarly, if these composite attributes
also have pairs of natural-combinations we can consider the tradeoffs among
the pairs and use the indifference curves we obtain to scale a new higher
order composite attribute. We can continue this hierarchical combination
until we obtain two high order cdmposite attributes for which we again form
the tradcoff. As a resulr,_wé will incorporate all therattributes.

To select the preferred alternative with this approach, we must be
able ©o locate it in the final composite space. This can be done by assuring -
that each alternative is on an indifference curve in the initial spaces; thus;

the combination of values defining an alternative will be one of the scale

values for the new attribute. By including these
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combinations on an indifference curve each step of the way, we can ensure
that the alternatives will be representable in the highest order space
we finally consider.

The use of this method requires that the attributes be independent
among the initial classes. That is, while the tradeoff between any
initial pair can be nonconstant and highly interrelated, this tradeoff
cannot depend on the level of the other attributes. This restriction
suggests that a useful way to form the initial pairs is by grouping attri-

butes that seem relatively independent from the other ones.

Numerical Example (The fighter aircraft problem)

The decision matrix of the fighter aircraft problem is
X X X X X X

1 2 3 4 5 6
2.0 1500 20000 5.5 average very high| A
D = 2.5 2100 18000 6.5 low average A1
T 11.8 2000 21000 4.5 high high I
2.2 1800 20000 - 5.0 average average Ai

We assume that the following three pairs of attributes are independent of
each other and that the interdependency exists within each pair; speed
(Xl) vs reliability (XS), range (X2) vs payload (X3)’ and cost (X4) Vs
maneuverabi{%ty (X6).

First we draw a set of indifference curves for .X1 Vs X5 in Fig. 3.

1f we take 'averaggl value of reliability as the base level, then the

following equivalization of X can be obtained from Fig. 3.10.

A1 = (2. Mach, average) - (2. Mach, average) ' U
A2 = (2.5 Mach, low) ~ (1.875 Mach, average)

A3 = (I.8 Mach, high) ~ (2.6 Mach, average)

A4 = (2.2 Mach, average) ~ (2.2 Mach, average)

The above modified value of maximum speed will represent both X1 and XS'

-
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average

low

XS’ Reliability

Fig. 3.10
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_ base level
2

1.5 T2 2.5 3

Xl’ Maximum speed (Mach)

A set of indifference curves between maximum speed and
reliability.’
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The indifference curves for X2 Vs X3 are given iﬂ }ig. 3.11. The

following -tradeoffs are made by taking maximum payload of 20,000 pounds

as the base level:

Ay = (1500 NM, 20000 pounds) =~ (1500 NM, 20000 pounds)
A, = (2700 NM, 18000 pounds) ~ (2200 NM, 20000 pounds)
A3 = (2000 NM, 21000 pounds) ~ (2200 NM, 20000 pounds)
A4 = (1800 NM, 20000 pounds) ~ (1800 NM, 20000 pounds)
Thirdly a set of indifference curves for X, vs X_are given in

4 6
Fig. 3.12. The following tradeoffs are drawn by taking the 'high' level

of maneuverability as the base level:

($4.5 million, high)

>
1t

($5.5 million, very high)

1
A2 = ($6.5 million, average) ~ ($7.0 million, high)
A3 = ($4.5 million, high) ~ ($4.5 million, high)
A4 = (§5.0 million, average) ~ ($6.0 million, high)

Through the above tradeoff procedures, we can eliminate three
attributes , X3, X5 and Xe - Then the original problem is left with

three attributes with the following modified decision matrix:

2. Mach 1500 NM $4.5 million
D = 1.875 Mach 2200 NM $7.0 million
2.6 Mach 2200 NM $4.5 million
2.2 Mach 1800 NM $6.0 million

By simple ubservation A3 dominates other alternatives and therefore is
the preferred choice. If all alternatives are nondominated ones, we proceed

to another higher order of tradeoffs until we are getting the single attribute

3

values.

"Note

A drawback of the hierarchical tradeoff analysis with two attributes at
a time may be its slowness in reducing attributes. MacCrimmon and Wehrung

[278] propose, the lexicographic tradeoffs for eliminating this difficulty.
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very high A

| high - base level

average

X6,Maneuverability
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X4, Cost($ x 106)

e

Fig. 3.12 A set of indifference curves between cost and maneuverability.
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If the most important class by the Jexicographic method (see Section 2.2.1)

has more than one attribute, we form tradeoffs among these attributes.
The second most important class of attributes is considered only if there
are several alternatives haying equally preferred attribute values in the
This extended lexicography overcomes the noncom-

most important class.

pensatory characteristic of the standard lexicography by considering

trade offs within a class.

Tradeoff information is more useful when designing multiple attri-
bute alternatives than when choosing among final versions of them.

MacCrimmon [274] gives a design example for transportation systems planning

by the use of tradeoffs.

Al
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3. METHODS FOR INFORMATION ON ALTERNATIVE GIVEN

The Hethods in this class require that the DM be able to indicate his/her
preference betwecen two aiternatives. This kind of information is far more de-
manding to assess than the information on attributes. LINMAP and nonmetric
multidimensional scaling were originally develpped to explain, rationalize,
understand, and predict decision behavior, bué'they are well fitted for
normative decision making.

(}77./ L
3.1 METHODS FOR PAIRWISE PREFERENCE GIVEN

LINMAP and interactive simple additive weighting method take the pair-
wise preference information as an input. This input consists of a set of
forced choices between pairs of alternatives. It is then expected that the
set may contain inconsistent elements (choice). Both methods allow this

inconsistency and try to minimize it.

v o
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3.1.1 LINMAP

Srinivasan and Shocker [380] developed LINMAP (LINear programming

tezchniques for Multidimensional Analysis of Preference) for assessing the

weights as well as locating the ideal solution. In this method m alternatives

o D

AN . : . : :
composed of n attributes are represented as m points in the n-dimensional

. ) ,:-"vﬂ_,f' Vs
space. A DM is assumed.to have his ideal point that denotes the most pre-

A ? . .
ferred alternative location. Once the location of the ideal solution is

decided, we can choose an alternative which has the shortest distance from
W Yol
the ideal solution. Given two alternatives, a DM is presumed to prefer an

alternative which is closer to his id=zal point. Then the weighted Euclidean
distance,di,of the Ai from the ideal point is given by
n 2 1/2
d. = Low.(x,., - x* , i=1,2,...,m 3.56
po Ly - - (3.56)

’ . . .th . .

where x* is the ideal value for the j attribute. The weights here take

account of both the units in which each dimension is scaled and of the

relative importance of each attribute to the DM. The square distance,
2. .

s. = di,lS givern by

1

n )
s. = L w.{x.. - Xx.) i=1,2,...,n (3.57)

Let @ = {(k, 2)} denote a set of ordered pairs (k, £) where k des- - H

Aty S s T

3 L oo &
ignates the preferred alternative on a forced choice basis resulting from

.a paired'comparison involving k. and 2. Usually Q has m(m - 1)/2 elements

in it. For every order pair (k, £) € @, the solution (w, x*) could be
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{consistent with the weighted distance model if

| s, 2 | (3.58)

Now the problem is to determlne the solution (w, x*) for which the above

J(JV J\(

{conditions of (3.58) are violated as minimally as possible with the given

ldecision matrix and 4.

For the pair (k, &), if Sy 2 Sps the condition (3.58) is satisfied
edst w bl

iand there is no error attrlbutable to the solution. On the other hand if

) ' /J(;‘ o) Al

sy < Sps then (sk - Sl) denotes the error extent to which the condition is

violated. In general, if we define

0, if s >'s

(s, - s,) o (3.59)

max {0, (sk - 52)}

then (sk - s_) denotes the error for the pair (k, &) € Q. Summing it up

L

for all the pairs in 2, we obtain
‘ :

Ohas -GN
* B = poorness of fit
| p
: = z (s. - s ) (3.60)
| (k,2)en  * K
|
| ) .
By definition, (s - s ) is nonnegative so that B is nonnegative. Our

%’K r“‘" " ,
problem 1is to flnd a solution (w, x*) for which B is minimal. Usually this T

Problem leads to the_trivial_solution with wj = 0, hence we should add one

iconstraint in minimizing B.
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y
Let us define goodness of fit G, similar to B, such that

N .
G = L (SE - Sk) (3'61) :
(k,2)eq §

where :
. Sy 7 S if S, 2 5y %

(Sz - Sk) = =

o, if S < Sk ;

!

We then add the following condition, using the definition of G, in minimizing

B, -

G>38 \
or | / (3.62)

00 ~
where h js an arbitrary positive number. By the definition of (s2 - Sk)

k)+’ it directly follows that ' K

and (52 - s

L (sl - Sk) = h ‘ (3.63)
(k,2)en '
Thus (w, x*) can be obtained by solving the constrained o ﬁ

cptimization’problem of '

min B = L wax{0, (sk - 52)}
(k,L)ef
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This can be converted to the LP problem:

. 3.64
min ) 2y ( )
(k,2)ef
s.t.
(52 - Sk) A > 0, for (k, &) € Q (3.65)
T (s. -s ) =nh (3.66)
(k,en * K

(3.67)

zkl > 0, for (k, &) € @

ara J?J

The following reasoning may clear the doubt about thé conversion. In LP

formulation, (3.65) can be written as

and due to its nonnegative
@

) (3.68)

Zre > max{0, (sk - s

Since we are minimizing the objective function, eq. (3.64), which is the sum
Pl

of Zkz's’ eq,(3.68) will héld with equality at the optimum so thaf

Zkg.z-maX{pf‘(sk - 52)} S N -

’
& A "

e

We know thmt z, 's are elements of B.

k&
Finally we can make the LP formulation of eqs. (3.64) through (3.67)
ready to solve by subsfithting eq. (3.57) into S, and Sy to aebtain
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s s, = 2 w. (X x*)2 2 w.(x, . - x*)2
. = . . . - . k -
n 2 2 n _
= L w,.(x - . -2 L w.x* (x,. -X. ]
o § %5 7 X5 ) AL (Xg5 = Xi5) (3.69)

Since x* is an unknown constant, wjx; is renlaced by Vj' The proposed LP

j
model is:
min L z
(k,2)en X
n 2 2 n
s.t .f wj(xﬂj - xkj) -2 .f Vj(xﬁj ka) * 2 > 0, for (k,l) £ Q
] 3=1 j=1 ‘
1 n n .
I w. z (xl.2 —*xk.z) -2 L V. L (xl. - xk.) =h | (3.70)
j=1 J (k,%) €f J - K] j=1 J (k,2)eq J J .
- }7’/'.{ oy

wj >0, Vj unrestricted in sign, j = 1,2,...,n

2y >0, for (k, He Q.

We may have these cases of LP solution:

i) if w* > 0, then x* = v* / w*
S SE B

ii) i w*

G and vi=0, define xg =0 T '

iii) if w} = 0 and v§ > 0, then x} = 4

"

i
1
8

iv) if w} 0 and v§ < 0, then x§ =
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Then the square distance from the x* is

2 .
sy = E' w;| ( ije x},) -2 .§| v* xij", i=1,2,...,m (3.71)
J' J jl'
where
P
it = {5} wEiO}
*
jtro= {j] w; = 0 and v # 0}

Srinivasan and Shocker [381] used another criteria for s, in eq. (3.57).

They used simple additive weighting model (2.2.1), then

. / - -
L_)’}‘.J ts Yha [
where xij's are at-least intervally scaled and the larger Xij’ the larger

preference. Then we have , J

N
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Now the corresponding model is:

min L Z ]
(k,p)en K*
n
s.t .Z wJ(xPJ £j) t oz, > 0, for (k,2) € @
J=1
n
I w L (x, . - .) = h
j=1 J (,mea KM
L (3.72)
w. >0, j = 1,2, ,n
5= J
2 > 0, for (k,%) € Q
/

Numerical Example 1.

The following decision matrix with 2 attributes and 5 alterJatives is

considered [380].

) _Xl X
A 0 5]
b A 5 4
A 0 2
Ay AL 3| ‘
AS i 4 1 j ;A

The forced-choice ordered paired comparison judgments are:

a=1{Q, 2, (3 1, 4, 1D, (5, 1), (2, 3), (2, 9, (2, 5), (4, 3),

(3, 5), (4, 5)}
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l)

It is-noted that there are intransitivities in the DM's preference

is preferred to A_, A

21 3 etC.r

That is,Al is preferred to A

judgment: for in;tancé, Al > A2 and A2 > A3, but A3 > Al’ etc.

¢ To obtain the best weight and ideal point, a linear programming problem
is set up using eq. (3.7@.f The first of the constraints of eq. (3_7¢ 1is
obtained from the paired comparison (k, £) = (1, 2):
2 2
2 2 .2 :
I ow.(x.. X;.) -2 v.(x,.,-x .)+z >0
j=1 J° 2] 1j 5=1 j 2 1 12
i.e.,
2 2 2 2 _
wl(s - 0)" + w2(4 - 57) - 2vl(5 -0) - 2v2(4 - 5) + Zy7 > 0.
|
i - ,
| 25wl 9w2 lOvl + 2v2 o, >0
! By similar calculations, the linear programming problem of eq. (3.70) becomes:
' L
f" R P AEE S RS R R L Al VRS TRV M T L
: > 0
s.t. 25wl— 9w2—10v1+2v2+212
6v +2Z _>.. 0
21w, V2 31
+2Z > 0
-wl+16w2+ 2v1—4v2 41 Z
L, >0
i -16w1+24w2+ 8vl—8v2 51
| . O >0
—25wl—12w2§10y1+4v2 *2,9
_ R ‘g > 0
—24wl—~7w2+;8y1+2v2 24 el
‘ +7 >0
- 9w1-15w2+ 2vl+6v2 “95
- >0
- W - Sw_+ 2v_+2v Y2y Z
1 2 ! 2 Tz >0
» 16w1- 3w2— 8vl+2V2 35
- - +Z > 0
lSw1 8w2 6vl+4v2 45 Z
=1
- 8
20w1+ 2w2+ v1+4v2
> 0
Wis W Ty T3 P41 Tsyo P Paar Pose Taze Pase Pas
Vi Vs unrestricted in sign
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The optimal solution is found to be

2% = .25
212,= .25, 271 7 241 = 251 = Z)q
we = (.0277, .0554)

(.0833, .1944)

<
*
n

The weights can be multiplied by an arbitrary positive scalar.

this scale to be 1/.0277, we obtain

wt= (1., 2.)
vy = (3., 7.)
* = * Jog* *Jw*) =
X (Vi/wi’ v2/w2) (3., 3.5)

The

s = (13.5, 4.5, 13.5,.4.5, 13.5)
The

fact that ¢ =

12

The

the judgment that A, is preferred to A

1

DM may Select-éithgﬁfAz

ideal point.

.25 indicates that the weights imply 5y >

2

Choosing

square distance from x* using eq. (3.71) is

above distance si‘s satisfy all the partial orders in Fxcept (1, 2).

.sz,and hence

is violated by the optimal solution.

or A, which has the minimum distance from the
4 e w

Numerical Example 2 (The Fighter Aircraft Problew)

The decisionm matrix after assi.ning numerical values (by using the

interval -scale of Fig. 2.4) to qualitative attributes is
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X, X, X X, X, %
AL [ 2.0 1500 20000 5.5 5 9
A, | 2.5 2700 18000 6.5 3 5
D= A 1.8 2000 21000 4.5 7 7
A 2.2 1800 20000 5.0 5 5

4 L . . -

Since a set of weights in LINMAP takes account of the units in which each

attribute is scaled as well as the relative importance of each attribute,

the decision matrix can be rewritten as

— —
2.0 1.5 2.0 5.5 5 9
2.5 2.7 1.8 6.5 3 5
D' =
1.8 2.0 2.1 4.5 7 7
2.2 1.8 2.0 . 5.0 5 5 |

where X2 is expressed by 103 NM and X3 by 104 pounds.

The ordered paired comparison judgments fJom the DM are:

= (1, 2), Q, 3, 4, 1), (3,2), (2, 4, (3, 9}
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KEA

s.t.
T - —
(w ][ 2.2 -.76 -.8 3.00 -l.41 1.6 3.85 | > |0
W, 5.04 1.75 - 99 3.29 -4.05 - .76 4.28 0
woll- .76 .41 0. -1.17 .76 - .41 -1.17 0
W, 12. - 10. 5.25 22, -17.25 4.75 16.75 0
we | |- 16. 24. 0. -40. 16. - 24. - 40. 0
we | |- 56 - 32 56 -24, 0 - 24, - 80 0
vi - L .4 4 -1.4 .6 -.8 ~-1.8 1]
v, | [-2-4 ~ 1. 6 -1.4 1.8 4 -2,
v, 4 -.2 0 6 - .4 .2 6
v L2 2. -1, - 4, 3. - 1. -3.
ve 4. - 4, 0 8. - 4. 4. 8.
Ve 8 18. -8 4. 0. 4. 26.
212 1
213 1
241 1 ]
232 1 -
24 1 1
Z
I 3{1 ] ]
w. > 0, j=1,2,...,6
52
Vj is unrestyicted in sign, .j =1,2,...,6
2120 2130 P40 Papr Pp4 Z3p 2 0

24° 734 —
The optimal solution is

=Z:‘=Z*-=O.)-~

*
* o= = .= * =
Z 5 (z .5, z 24 34

* *

2t = 41 1277 F13 T %32

- w* = (0., 0., 0., 0., 0., 0.0625) :
v* = (0., 0., 0., 0., 0., .5)

¥

and the ideal point is obtained as

x* = (0., 0., 0., 0., 0., 8.)

A
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The optimal solurion is

= = = = = = Z = 0.
20 = 5 2y 2 0.5, 21y =25 = 25y T Py T Pag )

(0., .2, 0., 0., .09, .14)

W*

The values of S5 using

arce

s = (-2.01, -1.51, -Z.01, -1.51)

Again alternative A, and AS have the minimum value of S5 which matches the

result obtained by using eq. (3.70).

Note

The LINMAP procedure does not require that the set 9 consist of all

m(m—l)/Z paired comparison judgments from the DM. However, the set of weights !
R A :
obtwlned by LINMAP will be more reliable if the number of pairs in Q is large. '

fhen the number of alternatives is greater than the number of attributes
fi.e., m > n), LINMAP glves the better fitting. 'The method does not require
ey gy T T B
that the palred comparison judgment be transitive. o
It is noted that the LINMAP procedure using eq. (3.70), which is a
weighted Euclidean distance from the ideal point, is bascd on the quadratic
utility function [469]. For an exanple of quadrat1c ut111ty, consider the
- Cl - -

utility (or walLe) of the number of rooms when one is purchasing a house

The buycr l*kes neither the small number of rooms nor the large number. o

'
¥

" He may prefer 4 to S or 3. As in this case, the best value of some attributes’

may be located in the middle of the attribute range.
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LINAMP also takes into account a monotonically. increasing (or decreasing)

utility function where the ideal point is located at the positive or negative

infinite. Recall that v; = ng} and x* = v}/w} in eq. (3.71), then the set

j' is identified to be the set of attributes whose ideal values are located

at positive or negative infinite. Hence if the DM uses a monotonically increasing

(or decreasing) utility function only, the set j' will represent the set of

whole attributes {j}. The value, S5 then becomes

. 5%43 . - ‘ U

y S i
SERS
where v. is interpreted as the '"salience factor' associated with Xj; This

situation is equivalent to using eq. (3.72), the simple additive weighting
. . . . P
model. When all attributes in the decision matrix are recognized to take the

fonotonic Qgiiii;; it is simpler computationally to use LINMAP of eq. (3.72).
The same solutions for the fighter aircraft problem obtained by using eq. (3.70)
and eq. (3.7 indicate that the DM made paired comparison judgments based on
the linear rather than the q+adratic utility.
In ELECTRE (2.3.5) the nécessary input is a set of weights, and,the
g

output is a set of outranking relationships (or partial orders); whereas for

LINMAP the DM gives a set of the partial orders as-—input, and a set of weights
o bl‘}

- is the output. -When the number of attributes exceeds the number of alternatives

(i.e., n > m), it is not easy for the DM to assess the partial orders, and

RV N

it is hard to obtain reliable weights by the LINMAP; therefore, in this case .é

. # m
it is better to use ELECTRE. ¢- e ,
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3.1.2 INTERACTIVE SIMPLE ADDITIVE WEIGHTING METHOD

Kormbluth [249] presents an interactive method for ranking alterna-
tives subject to an (initially) unspecified linear utility function. The
method is economical in- the number of paired judgments that must be made
by the DM and leads to the identification of the final ranking and the
space of weights for the corresponding linear utility functions which
would lead to this ranking.

Assume that the linear utility function (i.e., simple additive

weighting) be adopted for the decision analysis, then an alternative p

is preferred to q if,

Iw.x . > L w.X . (3.73)
. J PJ . ) 4)
J J
In the vector form eq. (3.73) becomes
T .
wix ~x)>0 . (3.74)
where w e W= {w| I w =1,w, > 0}
— = i i
1=1
oy )/ LY

Let Q be a permutation of m alternatives, which represents a preference order.
. : o th |
of the m alternatives, and Q(j) be the alternative in the j position of the

order 2. Then eq. (3.74) induces the following (m - 1) inequality relations,

T

W (-}SQ(J) - 5§7(j+1))_> 0, j=1,2, ..., m-1 (375)

- ,'b, .

? ¢
’

Let WQ_= {gjg_s W, w satisfies eq. (3.75)}. 1If @ is the ordering preferred ’
by the DM, he can be ind}fferent to the use of any w e WQ as the weights for
the linear utility function since any such w will produce the order 1 [248].

|
Conversely if w ¢ WQ is gcceptable by the DM as the appropriate set of weights

ETSSRIR IS
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for such a utility function he should accept the order © as his preference
ordering.” The interactive simple additive weighting method introduces a

way whereby the DM can progressively change § and approach his desired

*
order 2 and the associated w space WQ £ W,

We note that the set of all the feasible orderings {Q} induces a parti- |
tion of W, i.e., E
|

W=UHW
Q Q

and

W.nW.  =¢, Qfa

and that in defining WQ it is only necessary to consider constraints formed
by adjacent pairs of elements in Q. The reminder are trivially satisfied.
Hence each set WQ is determined by the set of linear constraints (3.75),
and in particular by the tight constraints for which equality can hold in
eq. (3.75). An order Q will be called the infeasible order if any of
the following constraints are satisfied:

Yo Zagen <% 1T el G.76)
In other words, if any one of the constraint set of eq. (3.76) is satisfied,
no w can produce the order Q. Simply the dominated alternative cannot be
ranked higher tﬁﬁz the dominant one. Only for the nondominated pair, alter-

natives can be ranked alternately due to the different w.

Assume that -the Ak and Ai are adjacent in the current erder I, and that

the constraint: » J
T
- > 0
wolxg - xg)

- G .77)

is a tight constraint.
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The operation of switching the order of k,%2 in Q to £,k iﬁ QY is equiféient

to moving %rom the space WQ to an adjacent space WQ, across the boundary de-

termined by eq. (3.77). If Q@ is a feasible order then ' will also be

feasible... This finding allows the DM to correct and improve the order @ by

switching a pair of the o?der at a time. If he corrects only the binding con-

straints (order), the method maintains feasibility through the process;

further, the amount of material that the DM need review is kept to a minimum.
Now the problem is to identify the tight constraint set from (m - 1) set

of eq. (3.75). Given the feasible order Q, let B, be the (m -~ 1) xm

matrix whose rows BQ(i) are given by 59(1) - 59(1+1). The closure of WQ

is the set {w} such that

By w 20 (3.78)
n

P owo=1 ) (3.79)
i=1 :

w, >0, i=1, 2, , n (3.80)

The boundary of W Is determined by those rows of eq. (3.78) which are tight
(active)constraints for some value of w. For such rows the optimum value

of the following LP problem gives zero:

)

N~
- .
1
—

.
e et aE
.
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Since we expect the number of alternatives m will, in general, be greafer

than the mumber of attributes n, it is more convenient to consider the dual

problem of the LP formulation of eq. (3.81).

max b o ) ;
T T o
s.t. By p + pl < BQ(i)
u>0, p unconstrained i (3.82)

where 1 is (n x 1) unit column vector

T
12 _(Ul: Uz: ---,U_l) J

m

» *
By LP duality, if eq. (3.82) has a feasible solution for which p = 0, then

7

the row Bn(i)represents a binding constraint for WQ and the associated ﬁair i:

(Q(i)’ Q(i+1)) represents a binding pair. Furthermore, a strictly positive g.
value for any variable M, at an opfimum of LP formulation of eq. (3.82) ?%
implies that Bﬂ(i) is a binding constraint. This fact can be used to E?g
reduce the number Lf dual problems that need to be solved in order to deter- ;23
U
mine the set of binding pairs of elements in Q. S !
The method suggested for analyzing the DM's preferences and determining . %%

*
Q is as follows: ™

Step 1. Identify an initial feasible ordering (say lexicographical ordering

or equal weights on all criteria),

¥

Step 2. ~Ic{_entify,the binding constraints of WQ.
Step 3. present the DM with the list of pairs in Q which determine the
- boundary of WQ (and their associated characteristics).
Stop if this order is accepted by the DM, otherwise ask the DM

to switch one pair from the list and return to step 2.
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Numerical Example

Consider the following decision matrix D of 7 alternatives with 3 attri-
butes. All attributes are the benefit criteria (the greater, the higher

preference), and they are transformed into the common scale.

7

T T
5 8 0] A
4 0 6| A,
2 4 3] Ag
D = {8 1 4l A,
2 7 1| A
6 4 2| A
3 2 6] A,

Iteration No. 1:

Step 1. Identify the initial ordering: We use lexicographic method (see

is next, then Q. = (A A A

Section 2.2.1): X, is the most important, X s
1 4’ 6 1’

1 2

A2, A7, AS’ A3) is a feasible ordef.

Step 2. Identify the binding constraints cf Wj: The associated B1 matrix

is:

P [ 2%l 237

Bio || % - X 1 -4 2

Bis || X1 7% |2 86

B1 = Bia H X - X = i -2 0
Bis || X7 %) |8 3

- ‘816’.~~ i Xy - 53_1 ._O 3 —2;

In order to identify the space Wl we solve a series of LP problems:

i
i

i

e 3 e et

=N
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1
1
+ pll fBIi
> 0, i=1, 2, , 6
p unconstrained.
where BIi’ i=1, 2, ..., 6 are rows of Bl'
*
nwgpor Bll the solution is p = .75. u2 = ,625 and u4 = .GZéuare basic

(strictly positive) implying that the pairs (6,1) (2,7) are binding. The

pair (4,6) is not binding. Since (6,1) is already identified as a binding

*

pair we do not need to solve for 812. For 813 the solution is p = .2222,
by = .7778 and Mg = 3.111 are basic implying that the pairs (2,7) (5,3)
are binding, but (1,2) is not, etc. The binding constraints are:

|

(6,1), (2,7), (7,5), (5,3).

Step 3. The decision step: The DM is unsatisfied with the relative posi-

tions of alternatives 6 and 1, and smggests that Al should-be-ranked above

A6' Now 92 = (4,1, 6, 2, 7, 5, 3). Return to Step 2.

Iteration No. 2:

Step 2. Identify the binding constraint of W_,: The resulting 82 matrix 1is

2°
”521'1 ”54 - X, 3 -7 47
R e B U B e
A s S il I I
24 =2 =
BZS X7 - Xg w1 -5 5
~826—‘ LES - }_3— __O 3 -2_

Also the LP formulation is
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max o
s.t.
o .
1
Y
My 1
T 1 T
B, te < By
L
i
| 6]

p unconstrained

Firsc we know pair (1,6) is binding from the judgment in Iteration No. 1.
*

For 821 the solution is p = .3889,. My = 1.889 and g = .7222 are basic

ihplying (4,1) is not binding but (2,7) and (7,5) are binding. For 826

*

f the solution is p = .25. wu, = 1.125 and w, = .875 implying

(2,7) is binding but not (5,3). The only undecided pair is (6,2). For 823
i -
the solution is f = 1.0. The pair (6,2) is not binding. The binding

constraints are: (1,6), (2,7), (7,5).

Step 3. The decision step: The DM accepts the present order QZ = (4, 1, 6,

2, 7, 5, 3). The associated weight is decided by the above threce binding

pairs; :g
i
i
-1 4 2] vy ]
1 -2 0 Wy 29_ ;
ot
L 1 _ -5 5 g .
W, +¥w +w_ =1
2 4 5

w. >0, i=2,4,5
i >

A solution of the above constraint is w = (.6, .25, .15). Conversely we

may verify that this w can reproduce 92 by the simple additive weighting

metvhod.
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b
1
i
I
I
¥
&

In the simulation tests on random data which are carried out by
Kornbluth [249], it is shown that the number of comparisons that must be
made at each stage tends to be less than n+l, where n is the number of
attributes being consideredi Simulation results also suggest that in cases
where the number of attributes i1s 6 or less, a maximum of 20 to 30 alternatives

need be considered in order to obtain a reasonable estimate of the appropriate

weight space.

> 4
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L{,) _r: "/‘9.7 . -
3.2 METHGOD FOR PAIRWISE PROXIMITY GIVEN

The DM's ordering of the proximities of pairs of alternatives can be
(‘., V"‘ . .
used to construct a multidimensional spatial representation. Alternatives

are represented by peints in the space of much less dimensions than the original.

The DM is asked to locate ideal alternatives in this space,and then the dis-

tance from the ideal point is measured.
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3.2.1 MULTIDIMENSIONAL SCALING WITH IDEAL POINT

Multidimensional scaling (MDS) has been developed mainly in the psycho-

metric literatures [252, 253, 366] in order to find the 'hidden structure'’

in the eipérimental data. Recently MDS technique has been widely utilized
v e‘;.i‘f_“ )

-
' )
v e

in marketing problems, e.g., for prediétiﬁg consumers' preferences
[BM-8, BM-9, BM-10]. When alternatives have too many attributes or in some
g i

v . i
cases have vague or unknown attributes, MDS has great advantage in the

solution of MADM problems.

In MDS the DM's orderings of the proximities of pairs of alternatives
L ] (5 oo o 3 s

can be used to construct a multidimensional spatial representation., Al-
ternatives are represented by points in the space. The points that are

close together are assumed to be close together in terms of preference. 'The
DM is asked to locate his ideal point in the space and then the distance from
the ideal point is measured (using a Euclidean or other measure) in order to
rank the alternatives in terms of preference., Some key features of MDS will

’ $

AU
be deeribed because of its descriptive emphasis and its complexity of analysis.

Kruskal and Green's text deal with this topic in detail [BM-10, BM-14].

Nonmetric MDS: Suppose you are given a map showing the locations of

several cities in the United States, and are asked to construct a table of
distances between these cities. It is a simple matter to fill in any entry

in the table by measuring the distance between the cities with a ruler, and
converting the ruler distance into the real distance by using the scake of

. »
the map. Nd@ consider the reverse problem, where you are given the table of
distances between the cities which are identified by numbers, and are asked to
produce the map. MDS is a method for solving this fe&é;se problem. This ex-
ample is only confined to two dimensional scaling, but MDS can offer any
L e

dimensional scaling as the name indicates. The procedure for converting from

the ratio scaled midpoint distances to the mapping of the cities is called metric MDS.
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w

v,

Because both input and output are composed of real ratio values (i.é.

their p;irwise relationships can be expressed as a regular mafhematical

function), Shepard [ 366] suggested replacing the ratio scaled proximities

(or distances) with ran& order dissimilarities as an input. For this

reason, the name noqmetric MDS 1s used to describe MDS which is designed
doe A

to find a configuration whose order of (ratio-scaled) interpoint distances

best produces the original rank order of the input dissimilarities.

Kfuskal [252, 253, 255] developed this idea and suggested a practical

algorithm to arrive at a final configuration.

The nonmetric MDS is a procedure of representing m alternatives
geometrically by m points in space, so that interpoint distances cor-
respond to viank order of dissimilarity judgments between alternatives.
Hence the problem is how to find the best-fitting configuration in chosen

t-dimensional space. Let us denote the DM's dissimilarity judgment between

alternatives i and j by«%j. We suppose that the judgment is inhefehtly
bt )

symmetrical, so that §,. = 6... We also ignore the self-dissimilarities
6ii' Thus with| m alternatives, there are wm(m-1)/2 numbers, namely
dij for 1 <j,1=1, 2, ..., m1, j=2,3, ..., m., We ignore the possi-

bility of ties, that is, we assume that no two of these m(m-1)/2 numbers
are equal. Sipce we assume no ties, 1t is possible to rank the dissimi-
larities in strictly ascending order,

S. <&, . < ... < 61 . , o
11 212 M7 M R

where M = m{(m-1)}/2. We now wish to represent the m alternatives by m
peints in t-dimensional space. Let us call these points X)5 iz, ceey X,

and let dij denote the distance from X to xj; then we have
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In order to see how well the distances dij match the dissimilarities §. .,
1]

let us first ask 'What should perfect match mean?' Surely it should mean

that whenever one dissimilarity is smaller than another, then the corres-

ponding distances satisfy the same relationship. 1In other words, perfect

“

match should mean that if we lay out the distances di' in an‘érféy

QDY

i T -
11 272 373 M M

corresponding to the array of dissimilarity given above, then the smallest

distance comes first, and the other distances follow in ascending order.

e
Let us consider an example of m = 4. There are M = 6 stars in the scatter

b
;
b

3

Each star corresponds to a pair of points as shown. .

E

diagram (Fig. 3.13).

.. Db O 7% S,
Star (i, j) has abscissa d.lj and ordinate di.. In terms of the scatter
\)n v
diagram, the perfect match means that as we

P - N
ey

ongl from bottom to top, we always move to the right, never to the left.

3

e

trace out the stars one by

This fails in Fig. 3.13 but holds in Fig. 3.14, To measure how far a

Sl A&
. S S . “ .
scatter diagram such as Fig. 3.13 departs from the ideal of perfect fit,

. U7y L4
it is natural to fit an ascending curve to the stars as in Fig. 3.13, and
= ' . l' -
then to measure the deviation from the star to the curve. Kruskal [252]

suggested 'stress' formulas for the index of fitness as

-
-
=
-
¥

VoW, -d,.)° 12
43 ij ij
S = _—L )
) d
\ ifg Y

~

where dij is a set of ratio-scaled numbers, chosen to be as close to their
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3.13 An ascending curve on the initial configuration showing
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Fig. 3.14 A perfect configuration,
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respective‘gi. as possible, subject to being monotonical with éij' It is known
that the chances of' finding proper fitting 1increases (i.e., stress decreases) o
as the configurational dimension increases, but it becomes difficult to

interpret the hidden structure from that configuration. Hence the pro- oy
blem is to find the lnowest dimensionality for which the monotonicity con-

straint is satisfied as far as possible. Kruskal also suggested the following

verbal evaluation for stress determination:

Stress Goodnezs of fit
20% poour
10% fair
5% good
2.5% excallent
0% perfect

Linear Regression for Dimensional Interpretation [BM-14]: Once the

appropriate configuration is made, the next problem is how to interpret the
relative positions in the space.‘ In other words, positions in the confi-
guration may be systematically associated with some characteristics of

the atLributes which were scaled. One way to discover these characteri-
stics is simply by looking at the configuration and recalling what is
known about the alternatives. But this is difficult due to its ambiguity.
The method which is the easiest to understand and most

comaonly used is based on linear regrcssion. Suppose we have some vaiiables

associated with the attributes which, we suspect, may have a systematic

.

relatioq§hipftoychition in the configuration. One way to see if it doég K
is to perform a linear multiple regression using this variable as the |
dependent variable and the coordinates of the configuration as the inde-
pendent variables. In other words we are regressing the attribute over

the coordinates of the configuration.  What this means is that we seek

some weighted combination of the coordinates of the configuration.which
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agrees with or explains the attribute as well as possible. The multiple
correlation coefficient is one measure of how well this can be done.

Identification of Ideal Point: Once the proper interpretation of

dimensions are made, the DM 1s supposed to locate his ideal point on the
chosen configuration. Whéﬂ the dimension of the configuration is greater
than two, it is hard to expect the DM to identify the ideal point.

This identification task éan be made easier by following the LINMAP
procedures (see section 3.1.1); then the nonmetric MDS is used simply for
the reduction of the original dimensionality.

Numerical Example 1 [147]

e
To i1llustrate the MDS concepts, assume that a DM has been given the task

e ) ' ‘
of judging pairs of cars (models as shown in Fig.3.157) in terms of over-

all similarity. To be specific, suppose that the DM is shown a set of | (11C2)

cards on each of which are the names of two cars. Using criteria of his own
. L ) L
choosing--but maintaining these criteria over all trials--he first places
; D f . o ooy .
the cards into two piles, representing similar cars versus different cars.

+

This process may be repeated, leading to a set of classes ordered by decreasing

similarity. Finally the DM is asked to rank order the cards within each
5t
. . - . & .
subpile in terms of decreasing similarity. The ultimate result 1s a rank

order of all 55 pairs, as in Table 3.4.
Jose2
Suppose we try to represent the entries for which ordered dissimilarities

are shown in Table 3.4 as a geometric configuration whose rank order of inter-

point distances}(in the configuration) display, for a specified number of K

- :
dimensions, close correspondence to the rank order of the dissimilarities

“shown in Table 3.4. Such a configuration appears in Fig. 3.15. Note that the

interpoint distance between Continental (pt. 3) and Imperial (pt.6) is the

shortest, but that between Falcon (pt. 5) and Continental (pt. 3) is the longest.

What has been accomplished is the con-
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DIM 2

T

* 11

* 5

_ Figs 3.15

C oo~ BN
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Alternatives--1968 Car Models

Ford Mustang 6
Mercury Cougar V3
Lincoln Continental V8
Ford Thunderbird V8
Ford Falcon 6
Chrysler Imperial V8
Jaguar Sedan

AMC Javelin V8
Plymouth Barracuda V8
Buick Le Sabre V8
Chevrolet Corvailr

—

DIM 1

Two dinensionel configuration for 11 car models [147]

L,
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Rank order of dissimilarities betweem‘Pairs of car models* [147]

Table 3.4
A 1 2 3 4 5 6 7 8 9 10 11
. -
2 8 )
3 50 38
4 31 9 11
5 12 33 55 44
6 48 37 1 13 54
7 36 22 23 16 53 26 °
8 2 6 46 19 30 47 29
9 5 4 41 25 28 40 35 3 B
10 39 14 17 18 45 24 34 27 20 B
11 10 32 52 42 7 51 49 35 21 43 N

ST TGO N0 T
¢

*
The rank number 'l' represents the most similar pair.

-
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version of rank order data on pairs of points to ratio-scaled data

on interpoint distances, while the axes of the configuration can be viewed
.
as intervals scaled with common units. ;

Numerical Example 2

The Queen Motor Company wants to select a sales representative for dis-

patching to the European market. The sales manager recommended 7 candidates

! for the opening and,é§aluated them on 6 attributes in the following decision

i matrix:
R S
8 4 7 5 0 47 Al
0 1 4 4 6 1| A,
4 6 3 2 3 71 A,
D=1{1 3 2 8 4 51 A,
7 2 8 2 1 2 1 A
¢ 9 s 6 2 3| oA
ki ) | 2 5 1 3 6 8 | A,
]

|

{ ' where the outcomes are based on the 10-point bipolar scale with the-larger-
&t

Hy thc-greater prcterences. The president of the company cannot depend solely
i

ﬁ on the decision matrix arranged by his sales manager, SO he himself inter-
b !

% viewed 7 cardidates. Thz president said "I canhot‘easilykjﬁé;e which one 1is

iy the best, but I may make the dissimilarity judgment between the jpairs of

candidstes' and gave the rank order or dissimilarity judgments in the Table .
0

!

! 3.5." ‘Fhe OR department decided to help the president's decision using the

) . nonmetric MDS technique.




v

Rank order of dissimilarities between

Table 3.5 :
pairs of candidates*

A 1 2 3 4 5
1 —_

2 21 —

3 13 10 —

4 18 8 16 —

5 3 19 4 20 —
6 7 12 6 5 11
7 17 1 2 14 15

* The rank number 'l' represents the most similar pair.

-l
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A

- Configuration of Alternatives: ALSCAL [374]}, a computer code for MDS
is used for the configuration. We start with two dimensions (t = 2) and

obtain the following configuration (see also Fig. 3.16);

A © DIM) _ D1M2
1 1.6196 0.5867
2 ~1.5199 -0.3735
3 0.2405 -0.9098
4 ~1.1257 1.3917
5 1.5371 -0.4227
6 0.0452 0.6705
7 ~0.7918 -0.9430

\,

! -
sty

The stress of the above configuraticn is 0.2%, hence we do not have to

consider higher dimensionality.

Interpretation of Dimensions: We interpret the dimensions using a

multiple regression procedure to regress each.attribute Xj over two dimen-

sions (with 7 observations). The result is given in Table 3.5. oOnly three

attributes Xl’ X4 and X5 give the significant regression. In other words

only these attributes affect the similarity judgments of the president.

The second and third columns of Takle 3.6 show the optimum wecights corres-

ponding to each multiple correlation. (These are the direction cosines,

-

that 1is, regression coefficients nocrmalized so that their sum ol squares

equals 1). Among the significant regressions the significant weights are

again identified, for exanple Xl has sigrificant regression welght of
. ?

.9986. A regression weight of .9986 corresponds to an angle of 3.080

" degrees- from the dimension 1 since cosine (3.080) = .9986. Similarly

directions of X4 and X5 are shown in Fig. 3.16.
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Table 3.6 Multiple regression of each attribute
on configuration dimensions*

Regression Weights

(Direction Cosines) Direction Degree Multiple
Xj D1M1 D1IM2 D1M1 D1IM2 Corr.
1 .9986** .0537 3.08° .996*
2 .7410 .671S .152
3 .9721 .2345 .820
4 -.2376 L9713** 13.75° .589*
5 -.8851** -.4654 152.26° .084*
6 ~.2869 -.9580 .302

).

* Significant regression at .01 level (F2 4

** Significant coefficient at .01 level.

* Result obtained by SAS computer code.
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Identification of Ideal Point: LINMAP procedﬁre (see Section 3.1.1)

may be utilized, but the president thinks he can locate his ideal point

easily in the two dimension space. The ideal point of the president is

(.5, .25). Then candidate Aé (which has the shortest distance from the

ideal point) may go to Paris.
Note

This nonmetric MDS procedure suggests several points [273]. For
thing, each pair of alternatives given in the judgment must be ranked

terms of its similarity. This requires quite fine discrimination and

be the most difficult for the DM among the MADM methods. Actually we

method at the end of the MADM list. The configuration is not unique.

addition, the distance measure used to form the configuartion assumes

the attributes (i.e., the dimensions of the chosen configuration) are

one

in

may

arrange this
In

that

ihdependent

(i.e., noncomplementary). The attribute values (i.e., xi.‘s in the decision

matrix) can be in any form, since the scaling procedure itself produces

numerical, comparable values on each of t dimensions, t < n. It should also

be noted that none of the t dimensions necessarily correspond with single

attributes of the original decision matrix.

In spite of the greater burden, this method is particularly useful when

the number of attributes is quite large, say more than 7, and when the majority

of attribhutes are expressed in the qualitative way.




IV APPLICATIONS

The drive to have practical models for management systems has been
the impetus towards the devclopment of many excellent methods for MADM
méthods presented in -the preceding sections. However, few methods have
yet been tested with real-world problems.

The most difficult task in the employment of MADM methods is determining
the relevaﬂt set of attributes. This section aims to help planner, manager,
researcher, policymaker, teacher, consumer, and so on to generate objectives/
attributes through the examination of the relevant literature,

The appiicetions, which are classified according to the physical features
or selected items instead of related area, are selection of commodity,

site, people, project (plan, strategy), and public facility as shown in

Table 4.1. Brief descriptions of the problem settings, list of attributes

used, and MADM methods used are given in this section.

N
1. DCOMMODITY SELECTION

To design new products and/or improve existing ones, manufacturers
have a keen interest in obtaining preference information from consumers.
Hence much of MADM study in the marketing arca has been carrvied out to

predict/explain consumer choice behavior rather than to help the ingividual
A ok | - -

consumer select among multiaftribute market conmodities. See Green and

[ .

%: Srinivasan's roview [154] for various choice models and Green et al's works

Lo [BM 8-10, 145-156] on this topic. Hammond's bullet selecticn [165] and
Jacquet-Lagreze's magazine selection wodel [205] show how an individual/orgénizath
can improve choice decision.

Automobile Selection: Green et al. [BM-8, BM-10, 156] use nonmetric

multidimensional scaling for consumer preferences when choosing among auto-

mobiles.
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Table 4.1 Classification of references on applications

Class References ;
1. Commodity Selection BM 8-9, 145, 156, 156a, 165, 205, 319 324 ?
2. Facility Location (Siting) BM-13, 5la, 69b, 84, 157, 158, 181, 230 ‘ /

232, 274, 302 :
3. People/Personnel Selection 71, 84, 91, 148, 186, 239, 297, 377
4. Project Selection

4.1 Environmental Planning 79, 92a, 175, 239a, 267

4.2 Land use planning 86, 87, 183, 184, 191, 264, 303, 305,

306, 315, 413

273, 318, 321, 406, 415, 426

4.3 R § D project 162, 178, 258, 268, 300, 309, 327, 361 by
. : [t

4.4 Water resources planning 67, 86, 160, 234, 292, 401 !
i

4.5 Miscellaneous BM-13, 16, 62, 85, 141, 174, 192, 225, i
|

!

:

S. Public Facility Selection BM-17, 108, 133, 164, 198, 199, 207,

243, 332, 350

6. Miscellaneous 51, 65, 92, 133, 164, 231, 286, 362, 396
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Park _[319] reports usage of a simplified satisficing-plus mééel (a
variétion of conjunctive method) in the selection of automobiles. Ten
selected attributes are: price, gas mileage, car size, car style, trunk
space, frequency of repairs, safety features, durability of paints, car
manufacturer, and number of doors. |

Pekelman and Sen's study [324] for the evaluation of automobiles is
to assess the weight of attributes using LINMAP technique. Seven attributes
are considered: styling, warranty, comfort, dependability, acceleration,
purchase cost, and youthfulness.

P*’Bul{gt Selection: Hammond [165] studies the case of selecting bullets

for the police department in Denver. Three characteristics of ammunition

- are considered: stopping effectiveness, amount of injury, and threat to

bystanders as a result of penetration of the body and/or ricochet.

Computer System Selection: Grochow [156a] employs a multiattribute

utility model in the evaluation of computer systems. The attributés con-
sidered are: response time to trivial requests, response time to computer-
bound requests, availability, and reliability.

Focd Selection: Green et al. [145, 155] use nonmetric multidimensional

scaling and conjoint measurement (a kind of regression model) models in
order to analyze consumer preferences for choosing food items.
Pekeliman and Sen [324] use LINMAP wmodel to assess the welght of at-

tributes in the selection of dry cereal. Six attributes considered.are:

. i
crispiness, crunchiness, sweciness, filling.ess, calorie content, and flavor.,/

.
y !

Magazine Selection: Jacquet-Lagreze [205] studies-the problem of

selecting magazines to be used in an advertising campaign. He utilizes
the ELECTRE model to evaluate 16 magazines under 6 attributes: editorial

content, price of space, power (representing the importance of the number

of readers and reliability of the information given), affinity of magazine,

and prestige of magazine.

DS
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2. FACILITY LOCATION (SITING) SELECTION

The siting of (public) facilities is a complex task and needs extremely
discreet decision making. For instance decision making for the siting
of nuclear facilities involves many concerned interest groups, huge con-
struction cost, and impact on the surrounding area (possibilities of severe
environmental damage), etc.

Browning's book [41b] on this topic will help decision makers in
the generation of relevant attributes.

Site for Airport: Charnetski [Sla] reports the case of selecting

one of three proposed sites for a modern air terminal system in south Florida.
He generates 52 attributes under three major categories: ecological and
environmental, sociological and economic, and systematic-performance measures.

Site for (Nuclear) Power Plant: A study to identify and recommend

potential new sites in the Pacific Northwest suitable for a thermal electric

power generating station is made by keeney and Nair {232]. They initially

screen the alternatives by conjunctive method and evaluate the remaining

alternatives by the multiattribute utility function (multiplicative form).

Criteria used in the screen process are: health and safety (measured by

distance from populated areas, height above nearest water source for flood \
consideration, and distance from fault), environmental effects [(measured ,
by thermal pollutio;, and locatioh with respect to ecological areas), socio/
economic effects (ggasured by location with respect to designated scenic

and recreational ,areas), and system cost and reliability (measured byecost g
of cooling water acquisition, cost of pumping water, and cost of providing

acc;ss for major plant components). The attributes used in evaluating

the candidate sites are: site population factor (relative human radiational

hazard associated with a nuclear facility), loss of salmonids, biological

impacts at site, length of transmission intertie line through environmentally
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sensitivg areas, socioeconomic impact, and annual differential cést between
sites.

A similar study was made by Gros et al. [157] for the nuclear facility
siping along the New England coast. The utility functions for four interested
groups are assessed over four attributes: number of uhits at a site, cost,
population within ten kilometers of a site, and incremental water temperature
at peak ambient water temperature period of year.

Hill and Alterman [181], and Davos et al. [69b] report the case study
of power plant site evaluation for Israel and the State of California,
respectively.

Site for Pumped Storage Facility: Keeney [230] evaluates 10 sites

for the pumped storage hydroelectric generation facility. The attributes
in his multiattribute utility are: first year cost, transmission line
distance, forest lost, and comnunity lost due to the construction.,

Loy
Site for Recreation Area: Kahne [274] uses simple additive weighting

model (allowing uncertainty in attribute) to determine the relative quality
of over 150 outdoor recreation areas in the State of Minnesota. Twenty-
nine attributes are considered.

(3"

Site for Residential Environmental: Nakayama et al. [302] use multi-

attribute utility function (multiplicative form) to assess the residential
&

environment of Kyoto in Japan. Twelve attributes are considered in the

utility function representing '"good residential district': proportion

‘¥,
. . . . /
of green area, pruportion of park area, population density, medical facilities

! '

bad swmell, traffic accidents, sulphurous acid gas, soot and smoke, factories,

accessibility to the center of the city, offices of the business affecting

public morals, and land price.
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3. PEOPLE/PERSONNEL SELECTION

A basic problem facing all organizations is that of selecting qualified

people to work for them. Employment of MADM analyses in this field are bene-

ficial both to individuals and to the organizations.

Selection of All-Star Basketball Players: Einhorn and McCoach [91]

use multiattribute utility function (simple additive form) to evaluate

the player performance in the National Basketball Association. Eight at-
tributes of player performance are used: field goal percentage, free throw :
percentages, rebounds, assists, steals, personal fouls, points per minute

played, and blocked shots. The model yielded a rank order of all forwards,

guards, and centers for each season. This ordering then is compared witb

the NBA all-star team. The results showed that the model predicted the

all-star team very well,

Personnel Selection: Smith and Greenlaw [377] report a simulation

-

model for the hiring of company employees.

Easton [84] compares three evaluation rules (geometric mean, arithmetic

mean, and quadratic mean) for the selection of sales manager.

s .AASJ;'

Selection of Prnfessorial Candidates for Tenured Positions: Green

and Carmone [148] make a pilot study involving graduate business students'’
evaluation of (hypothetical) assistant professors in terms of theilr suit-
ability for tenured positions. A regression model with three criteria

(research and publiéation, teaching, and institutional contribution) is h

&

utilized. - - - ,
_ gt
Selection of Entering Students: Hirschberg [186] reviews graduate

student selection policies and reports that a simple linear regression

model is extremely robust,

Dawes [71] represents the judgments of a university committee admitting
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PhD stuﬁents. AThe attributes of prime importance are test scores oﬁ>standard
exams (GRE), the student's undergraduate grades (GPA), and the quality
of the undergraduate school attended (QI). The linear paramorphic model
is: '.,0032 GRE + 1.02 GPA + .0791 Ql.
Moscarola [297] uses ELECTRE model for the sclection of candidates
for business school admission. The attributes considered are: high school
grade average, improvement, experience, motivation, professional interest.
Klahr [239] applies spatial representation (using nonmetric multi-
dimensional scaling with ideal point) for the prediction of college admission
officers' preferences for choosing among student applicants. The initial
set of attributes considered contains: alumni interview, campus interview,
college board scores, extracurricular activities, high school grade average,
high school recommendation, I1Q, and rank in senior class,

4., PROJECT SELECTION

+ There exist multiple alternatives in any planning stage. A proper
R

evaluation of plan and strategy on project alternatives is essential for

the successful implementation. The fields of project selection are too
diverse to classify them systematically. However, they are divided into

five groups according to the number of reported cases.

:
|
;
i
q

4.1 Envirommental Control Planning

Aiy Pollution Control: Ellis and Keeney [92i:] report use of a multi-

attribute utility model in the evaluation of two air pollution control

%
strategies for New York City. These alternatives are the status quo, which‘/

t
’ !

entails maintailning a onc percent legal 1imit on the sulfur content of
—_ - N ) ;»ﬂ“
01l and coal used in New York City, and one that lowered the lecgal limit
to 0.37 percent for oil and .7 percent for coal. Seven attributes considered

are: per capita increase in the number of days of remaining lifetime,

per capita decrease in the number of days of bed disability per year, per
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capita annual net costs to low-income residents, per-capita annual net

costs to other residents, daily gulfur—dioxide concentrations in parts

per million, total annual net cost to city government, subjective index
+ of political desirability.

Environmental Index: Dinkel and Erickson {79] suggest an "Environmental

Index!" for the evaluation of environmental program effectiveness. The
criteria of this index are: number of serious pollution incidents, number

of less serious pollution incidents, number of complaints, comparison of

environmental quality, compliance index, and number of nonmonitored industries
by type, size, and region.

Sewage Sludge Treatment: Herson [175] evaluates land-based alternatives

for the disposal of large quantities of sewage sludge generated in a city

treatment plant of Los Angeles. The impacts (advantages and disadvantages)
of the three alternatives (agricultural, evaporation pond, and landfilling)

are supplied instead of decision matrix form.

Solid Waste Mghagement Problem: One real problem faced by the Bureau

of Solid Waste Management involves the dismantling of retired wooden railroad
cars. Three alternatives for wood removal in salvaging the metal from
retired railroad cgrs are: open burning, gfit-blasting, and use of a high
pressure water jet. Klee [239a] suggests DARE technique (a variation of
hierarchical additive weighting)“for the evaluation of these alternatives
under five attributes: capital cost of the facility, ability of the process
to salvage the wood removed, time needed to develop the process, contribution

to air pollution of the process, and operating cost of facility.

Litchfield et al. [267] consider an analysis of a hypothetical advanced

nuclear waste management system by multiattribute utility theory.




4,2 Land Use Planning

Land use planning may be defined as a process for determining the
cptimal allocation of resources in order to achieve a set of objectives

in space. This problem is especially important for land poor countries

such as the Netherlands and Israel.

Land Reclamation Project: Nijkamp et al. [303, 305, 306, 413] present

an ELECTRE model for a land reclamation project in the Netherlands., The
attributes considered are additional natural area, additional agricultural
area, additional recreational area, residential opportunities, increased
accessibility, additional cmployment, relative importance of new airport,
annoyance of a new airport, investment cost, etc.

Faelinck [315] uses permutation model for a similar project. Hill
and Tazmir [183] use mnultidimensional scalogram analysis for the case

of Israel. .

Coastal Zone Planning: Edwards [86, 87] employs multiattributé utility

(simple additive form) to evaluate coastal zone planning in California.
The attributes considered are: size of deveclopment, distance from the
mean high tide line, density of the p}oposed development, onsite parking
facilities, buil@ing heights, unit rental, conformity with land use in
the vicinity, esthetics of the development.

Selection of Load (Pipe) Lire: Lhoas [264] uses ELECTRE mndel for

¥ -

the selection of the route for a pipeline designed to supply a group. of

. ¢
cefinerizs with crude ¢il in Belgium. His evaluation criteria include: )

- total financial cost, period over which the solution is expected to be

valid, possibilities of simultaneously laying down a pipe network for the

transport of other products, possibilities of ccnnecting refineries with
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various supply ports, priority of supply, interdependence of the countries

involved, regional indepcndence, development possibilities of Belgian harbor

activities, etc.

Holmes [191] employs an ordinal model (a primitive form of linear
assignment method) for the evaluation of four alternatives for a new load

line. Twenty-seven attributes are identified.

4.3 Research and Development (R & D) Project

Research organizations have a tendency to propose problems for invest-
igation at a faster rate than resources can be supplied to support the
work. This poses a fundamental issue for the managers of (industrial)
research because there are always more ideas and problems to be investigated
than available resources will permit. Research management, therefore, is
faced with the problem of selecting a set of projects which will achie&e
maximum effectiveness for the organization [300].

Mottley and Newton [300] consider the selection of industrial research
projects leadinggto the development of new products, processes, and uses.
Their wutility model has five attributes: promise of success, time to completion,
cost of the project, the strategic need, and market gain.

Gustafson et al. [162] use simple additive weighting model in the \
evaluation of R & D projects. They use higfa;chical structure for assessing ' ;;
attribute weights under four.major cétegories: benefit, regional considerations,

methodoleogy, and capacity. 4 ;
L

Other studies for this area are: aerospace industry for military S
. [
and commercial system planning by Heuston and Ogawa [178], information

éystem development by Lucas et al. [268], general R § D selection by Larichev

[258], Nowlan [309], Pinkel [327], and Schwartz et al. [361].
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4.4 Water Resources Planning

David and Duckstein {67] use ELECTRE model for evaluating five alternative
long-range water resources development plans for the Tisza River basin
in Hungéry. Twelve attributes considered are: costs, probability of water
shortage, energy (reuse factor), recreation, flood protection, land and"
forest use, manpower impact, international cooperation, development possibility,
flexibility. The same problem is treated by Keeney and Wood {234] by the
assessment of multiattribute utility function (multiplicative form).

Minnehan [292] employs a series of MADM methods (dominance, conjunctive
method and simple additive weighting} for the choice of water resources

project design in the Sacramento-San Joaquin Delta in California.

) ﬁ ,3 ’
4.5 Miscellaneous

Academic Planning: Hopkins et al. [192] construct a multiattribute ™ .

attribute utility function (simple additive form) that reflects the pre-
ferences of unjversity administrators for different university configurations,
This function is to be used in a mathematical programming model to optimize
the size and shape of the institution. LINMAP is utilized to obtain the
weight for each attribute; The attributes considered are: regular faculty,

auxiliary faculty, undergraduate enrollment, graduate enrollment, graduate

enrollment in professional programs, tuition level, staff/faculty ratio,
i and faculty leverage.

Air Defense System DevelQEment: Eckenrode [85] suggests six attributes

*
- . 1,
to be eonsidered for air defense systen development, They are: .economy, %

early évailability, lethality, reliability, mobility, and troop safety.
MacCrimmon's veview {273] illustrates the choice of future missile
systems through various MADM methods. Six attributes considered are: range,

delivery time, total yield, accuracy, vulnerability, and payload delivery

flexibility.
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Airport Development Planning: Keeney [BM;ljj 225] reports an ahalysis

done for-the Mexico govérnment to help select the most effective strategy
for developing the airport facilities in the Mexico City metropolitan area
to insure quality air service for the remainder of the century. A multi-
attribute utility function (multiplicative form) is utilized with six at-
tributes: total cost, practical capacity (number of aircraft operations
per hour), access time to and from the airport, number of people seriously
injured or killed per aircraft accident, number of people displaced by
airport development, and number of people subjected to a high noise level.

Capital Investment Planning: Gearing et al. [141] measure the tourist

attractiveness for allocating the capital investment and selecting tourist
projects for the Turkish Ministry of Tourism. Touristic attracti?eness
contains 17 attributes under five major categories: natural factors, social
factors, historical factors, recreational and shopping facilities, and
infrastructure and food and shelter.

Wehrung et al. [426] use the dominance model in order to explain the
investment preferences for over 400 top level business execﬁtives in Canada
and U.S. They report the dominance model with two criteria (expected rate
of return and variance) fits well for their selection behavior among other
criteria, e.g. probability of specific gains, probability of specific losses,
negative semivariance, etc.

Hax and Wiig [174] use decision tree technique with multiattribute
utility‘functgonuan the selection of a capital investment project. ,

Health-care facility planning: - Parker anpggSrinivasan [321] use LINMAP

model for the patients' overall preferences in the expansion of a rural
primary health-care delivery system. The facility attributes considered

are: residence-to-facility travel time, time to get an appointment, waiting
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time at the facility, facility hours of operation, type of health care
facility, provider of medical care, range of services and technical facilities
available, and price per visit,

Multiattribute utility functions are formulated for the aggregate
scheduling in health maintenance organizations by Vargas et al.[415].

Joint Venture Strategy in Fisheries: Tomlinson and Vertinsky {[406]

study the evaluation of alternative joint venture strategies for exploitation
of fisheries in the economic zones of the oceans. Five alternatives are
generated: null strategy, licensing strategy, foreign subsidiaries strategy,
joint venture strategy, and independent strategy. Delphi method is utilized
to reach consensus of strategic choices among coastal countries.

Forest Pest Control Problem: The forests of New Brunswick, Canada

have frequently been attacked by an insect pest known as the spruce budworm;
Bell [16] assesses a multiattribgte utility function reflecting the pre-
ferences of one member of a simulation project for the condition of the

forest and econoﬁy. The attributes are profit, unemployment, and recreational
value of the forest.

_Transportation System Effectiveness: Pardee et 21. [318] study the

transportation system effectiveness for the Northeast Corridor Transportation
project. They 1ist numerous attributes under three major affected groups

using the hierarchical structure of attributes. A simpiified version of

this study is done by Crawfoid [62]. 6

5. PUBLIC FACILITY SELECTIOHM . T

Marketing research has given less attention to the selection of pubiic
facilities (like banks, hospitals, companies, etc) compared with that of
commodities. But this area is also important to improve the existing systems/
facilities by assessing consumer's preferences as well as to improve each

individual's decision making.
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Bank Selection: Consumer preferences for banks in which to open a

TN SRR T s A e i

checking account is studied by Jain et al. [207]. They utilize LINMAP,

1

regression model, etc. using five attributes: cost of checking account,
type of bank, accessibility to banking service, quality of service, and

banking hours,

Hospital evaluation: The evaluation study for the quality of twelve

hypothetical hospital wards is performed by Huber et al. [199]. Seven vari-

LR b TR, TR

ables considered in their regression models are: total nursing hours of
care per patient per day, nurse-patient and nurse-physician communication,
percent professional nursing care, neatness, cleaniness and orderliness,
head nurse administrative capability, number of beds in ward, and age of
ward,

Job Selection: The problem of selecting the best job or profession

after college graduation is treated by Fishburn [108], Huber et al. [198],

Miller [BM-17]. Miller's utility function (simple additive form) considers
15 attributes under four major categories: monetary compensation, geographical

location, travel requirement, and nature of work.

School Selection: Saaty [350] uses hierarchical additive weighting model

for the evaluation of high schools. His selection criteria are: learning,

friends, school life, vocational training, college preparation, and music classes. L

®

The college choice behavior of graduate business school applicants is
studied by Punz and Staelin [332]. Results indicate that such factors as y

price (tuiti

g&,&gellowships, distance from home, and quality of school are v

relevant in their selection. -

Kohn et al. [243] also study college-going behavior. Their utility

model considers cost, academic quality, quality of life, etc.
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Miscellaneous: Foerster [133] makes a comparative study among some MADM

methods for the prediction of ground transportation system choice behavior.
He reports that conjunctive, lexicographic, and conjunctive-lexicographic methods
outperform (commonly used) simple additive weighting.

A study on consumer preferences for hypothetical .restaurants is performed

by Hagerty [164].

s ek

oty
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V. CONCLUDING REMARKS
This survey of MADM methods and applications is a sequel to our previous

survey of MODM methodé and applications [BM-11]. It is a guided tour through

the literature on the subject. It provides readers with a capsule look

into the existing methods, their characteristics, and their applicability

to analysis of MADM problems,

On MADM Methods Classification:

We have proposed a system of classifying seventeen major MADM methods
(see Fig. 1.1 A taxonomy of methods for multiple attribute decision making);
half of them are classical methods in this field, and the other half have
been proposed recently by various researchers in diversified disciplines,
but here for the first time they are presented together. The literature
of these methods is identified and classified systematically (see Table 153).

On Applications of MADM:

MADM applications are classified into several categories., Each topic's

refercnces are identified (see Table 4.1), and a summary of each article

is presented. The MADM models are presented in a diversified field of |
applications, but reported examples of applications of MADM methods to

real-world problems seem to be rare. \

- |
On Multiple Objective Decision Making (MODM) Methods®

In the study of decision making in complex environments, such terms

as "multiple objective,'" "multiple attribute," "multiple criteria," or

"multiple dimensional' are used to describe decision situations. Often o

@ . y !

these terms are used interchangeably, and there are no universal definitions
of these terms [BM-13]. Multiple criteria decision making (MCDM) has become

the accepted designation for all methodologies decaling with MODM and/or MADM.

s

2 oy
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Our definitions distinguish between MODM and MADM (see I1I Basic Concepts
and Foundations). In our survey the problems of MCDM are broadly classified
into two categories - MADM and MODM. MADM methods are for selecting an
alternétive from a small, explicit list of alternatives, while MODM methods
are used for an infinite set of alternatives implicitly defined by the
constraints [275]. MODM methods thus address design problems while MADM
methods are useful in choice problems,

Literature on MODM methods and applications has been reviewed ex-
tensively by us in [BM-11]. MODM methods were systematically classified;
a taxonomy of the methods is presented in Fig. 5.1.

On Multiattribute Utility Theory (MAUT):

In this review we have so far focused on riskless choice models that
involve multiattribute alternatives. We have avoided the added complexity
of uncertainty. Uncertainty can arise in two ways: (1) as uncertainty
about the outcome, or (2} as uncertainty about the attribute values:

Multiattribute utility theory (MAUT) has been developed for thé-un—
certainty about the outcome (consequences). If an appropriate utility
is assigned to each possible consequence and the expected utility of each
alternative is calculated, then the best course of action is to take the
alternative with the highest expected utility, But the assessment of ap-
p:oprifte multiattribute utility function is s¢ complex and intricate that
the aim of ths most thzoretical work in MAUT is the investigation of pos-
sibilities for simplifying maltiattribute utility asscssment vrocedures,
More recent advances in MAUT have been developed principallylgy Keeney
[219, i?O, 222, 224, 226] among others. The literature on MAUT and its
assessment methods has been summarized in Farquhar {98], Fischer [105,
107], Fishburn [120, 126], Huber [196, 197}, and ﬁinterfeldt and Fischer

[434]. Keeney and Raiffa [BM-13] in particular deal extensively with utility
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i theory from unidimensional to multiattribute, its assessment methods and

applications. N

A Choice Rule for MADM Methods: é
As to which method(s) we should use, the selection of MADM method(s)

itself is a MADM problem., There exists no specific choice rule. Different

MADM methods are introduced for different decision situations. We suggest
a general choice rule represented by a tree diagram in Fig. 5.2. The

numbers in the circles refer to the MADM methods in the taXonomy {see Fig.

1.1). The proper method(s) emerge(s) by answering the subsequent questioﬁs.
" The first question in Fig. 5.2 asks the DM whether he is trying to

find the best alternative or will take any of the alternatives which satisfy
the minimum acceptable level(s) of attributes. When the DM does not have

enough time and knowledge to examine the problem further the answer to

question 1 may be 'no'" and he gives the minimum acceptable level(s) for

attribute(s). v

€3

If the minimum levels for multiple attributes are given, the method

of conjunctive constraints (2.1.1) is used; and if the minimum level for

one attribute is given, the method of disjunctive constraint (2.1.2) is

i used.
If the answer to the first question has been '"yes'", the DM wants to.

get a batter solution with the extra effort. Then different followup questions

are asked. /

‘
L

The‘secohd question a:ks whether the dominated alternatives are sbreened.'
.1f the aﬁswer is "no", they are eliminated by dominance (1.1.1). If the
answef is "yes'", then different.followup questions are asked.

In order to use any MADM methods presented in the taxonomy, it is

required that there be a single DM or that the multiple decision makers

should develop aggregation schemes for assessing group decisions. The
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P third question asks whether the group of decision makers reaches the agreement
i in their preferences. If they can not, the easiest way with the multiple

J
‘ B . . . . . -
i decision makers is to impose different constraints and solve the problem

i by conjunctive constraints (2.1.1) or by disjunctive constraint (2.1.2).

If MADM methods having conflicting preferences are not being dealt

i with, it must be ascertained (in question 4) whether performance will be
%l‘ determined by the best or the worst attribute. If the answer to the question
is "yes", and if the best attribute is the determinant, maximax (1.1.3)
can be used; if the worst attribute is the determinant, maximin (1.1.2)
can he used. If the answer is '"no", proceed to question 5.
The fifth question asks whether the DM is familiar with attributes
ratiler than alternatives. It depends on the ability the DM can assess
the preference by attributes or by alternatives. It needs empiricél judgment.

Usually as the number of attributes i1s increased, say to more than seven,

b
s

preference assessment by alternatives becomes extremely difficult. If
f? the DM is more familiar with attributes, he will supply the attribute pref-

crences and answer question 6, otherwise he will answer question 7,

e The DM is now to decide which kind of preference inputs seems mbst

valid (in question 6 and 7). To help answer question 6, consider the pref-

L erence inputs in roughly the order of the least demanding to the most demanding.
If the interattribute ranking f(ordinal) can be assigned, we can use lexicographic
i method (2.2.1), elimination by aspects (2.2.2), or permutation method (2.2.3)f
If th? interattribute numerical w:ights (cardinal) can be assigned, then -
the linear assignment method_(2.3.1), simple additive weighting (2.3.2),
hierarchical additive weighting (2.3.3), ELECTRE (2.3.4), or TOPSIS (2.3.5)
can be utilized. Even 1f such numerical information is not meaningful, the
DM may be able to make some numerical tradeoffs (marginal rate of substitution}.

The method of hierarchical tradeoffs (2.4.1) is used. ELECTRE (2.3.4) is

believed to be a most refined method in this class.
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If the pairwise preferences for the‘alternativés are assessed, we can
use LINMAP (3.1.1) or interactive simple additive weighting (3.1.2). If
the order of pairwise proximity is assigned, nonmetric multidimensional scaling
with ideal point (3.2.1) can be used. The assessment of order of pairwise

proximity is the most demanding preference input.

A Unified Approach to MADM:

Behavioral scientists, economists, and decision theorists have proposed

a variety of models/methods describing how a DM might arrive at a preference

judgment when choosing among multiple attribute alternatives. Different MADM

methods involve various types of underlying assumptions, information require-

ments from a DM, and evaluation principles.
Some methods may not fully satisfy the underlying assumptions (e.g.;

complete independence among attributes for simple additive weighting method), ki

and some may have more tedious procedures (e.g., constructing indifference

curves for hierarchical tradeoffs than others). There are also methods fitted

for a specific situation only (e.g., maximin for the pessimistic decision s
situation, maximax %or the optimistic, disjunctive metth for the selection
of specialized person). Even with the same preference information, each g
method evaluates the problem from a different point of view (e.g., with a .
set of weights, ‘We&ighted average outcomes -for simple additive weighting,
relative clcseness to the ideal solution for TOPSIS, satisfaction to a given
concordance measure for linear assignment method <and ELECTRE).

How, then, does a PM select an appropriate MADM method in general sit- S
uations? If the DM already has a fixed form of his/her preference information,
oné may narrow dan his/her options by following the branches of MADM taxonomy
in Fig. 1.1. Otherwise he/she still has to select one method. The existence
of multiple MADM methods seems to be more burdensome than helpful to those

who want to use one method. Easton [84] mentioned that ''the selection of

a MADM method is itself a MADM problem."
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An attempt [440a] is made to reach a unified solution by employing
some MADM ;ethods simultaneously instead of selecting the best method for
the situation. The proposed approach consists of four phases whose main
features are (see Figure 5.3):

Screening phase: The dominated and unacceptable/infeasible alternatives
are eliminated by dominance and conjunctive method.

Preference ordering phase: Four efficient MADM methods, linear assignment
method, simple additive weighting method, TQPSIS, and ELECTRE, using cardinal
preference information, evaluate the decision problem independently.

Aggregation phase: Three ordering techniques--statistic, Borda method
and Copeland method--will be applied to aggregate the four sets of preference
rankings obtained in the previous phase.

Synthesis phase: This phase attempts to reach consensus among three
ordering techniques. The consensus is made by a partial ordering technigue

[79a] which synthesizes these different viewpoints.

Screening Phase:

This phase tries to cut down on the information processing rJquirements

by eliminating dominated alternatives and reimoving unacceptable alternatives

before entering the»evaluation phase. Dominance (1.1.1) and conjunctive
ﬁi method {2.1.1) will be utilized in this phase. Any alternatives passing
A these two sieves become the candidates for furtner evaluation.
? Eliminating doninated alternatives: An alternative is dominaied if
there is;énothegigltﬁrnative which ¢xcels it in cne or more attributes and ”
equals it in the remainder. The number of alternatives can be reduced by
eliminating the-dominated alternatives. Interest in the nondominated set
may be either as a sufficient indication of near-optimal choices or as a
reduction in the number of alternatives to which it is necessary to apply

more elaborate analytical techniques of MADM. Calpine and Golding [44]

demonstrated convenience and effectiveness by using this sieve.
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Fig. 5.3. A process diagram for unified approach to multiple
attribute decision making.
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Removing the unacceptable alternatives: A set of nondominated-élter—
natives ﬁéy possess unacceptable or infeasible attribute values. The con-
junctive method is employed to remove the unacceptable alternatives. This
step.tries to dichotomize alternatives into acceptable/not acceptable cat-
egories rather than to evaluate the alternatives; hence it is advisable
not to set the cutoffs high. Normally multiple alternatives are expected
to remain after the conjunctive screening. If none or a single alternative
is left, the relaxation of the cutoffs is subject to the DM.

Preference Ordering Phase:

‘This phase tries to find a set of preference orders of alternatives
by employing some MADM mcthods simultaneously. Four efficient MADM methods
utilizing a weighting scheme are selected. They are linear assignment method
(2.3.1), simple additive weighting (2.3.2), TOPSIS (2.3.5), and ELECTRE
(2.3.4).

Aggregaticn Phase:

Three ordering techniques will be applied to aggregate the four sets
of preference orders. The first technique ranks alternativei according
to their mean rankings. The second (Borda method) is based on a majority
rule binary relation. The last procedure (Copeland method) is a modification
of the majority rule case taking into account "losses'" as well as '"wins",

The Borda and Copeland proczdures are described in detail elsewhere
[94, 116a]. Therefore a simple example is given to illustrate the procedures
and characteristics of each technique. Assume that four alternatives are S
ranked by the f;ur MADM methods in the previous stage. Their results are
shown in Table 5.1. This data will be aggregated by the three techniques.

Average ranking procedure: The average rank order (over four MADM

methods) is shown in the column labeled "average'". Therefore, based on

. the average rank, the aggregate rank order is A2, Al’ A3, and A4. If two

alternatives have the same average rank, the one with the smallest standard

deviation can be ranked ahead.

R,
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Borda method: It is based on a majority rule relation. Given the
example data of Table 5.1, one can determine the set of MADM methods which

prefers A, to AS; in this case, it is {Ml, M2’ M3}, i.e., three methods.

1

Similarly one can see that only one method prefers A3 to Al, i.e., M4.

is greater than the

Therefore, the number of methods preferring Al to A3

number of methods preferring A3 to Al; hence Al has a majority vote over

Ags denoted Al M A3. Because an even number (= four) of methods is considered

R R RS

in the previous stage, a tie may be possible as in the case of Al and A2'
They are denoted as Al T A2.

Each pair of alternatives has to be considered separately. This implies
m{m-1)/2 determinations where m is the number of alternatives. The results
of this process are shown in Table 5.2. The ordering criterion is baséd
on how many times an alternative ''wins' a majority vote. The last coluﬁn
in Table 5.2, labeled IC represents the number of times an alternative "wins"
in the voting. The alternative with the highest sum for IC is ranked first,
etc. Ties can again occur in tnat several alternatives have the same sum,
These alternatives are then identified as algroup and ranked at the same
level. The aggregate rank of the example is (Al’ AZ)’ A3, and A4.

Copeland method : This procedure starts where the Borda method stops.
The Copeland method considers not only how many "wins' an alternative has,
but also explicity includes the "losses'. The bottom row of Table 5.2 represents

the number of "losses'" for an alternative. For example, alternative A3

’and A2. Therefore, reading down column A, one finds two o

1 3 K

M's. The Copeland score is determined by substracting the "losses" for

lost to both A

an alternative from its 'wins'., For example, the score of A, is (1 - 2} = -1,

3

The scores for Al through A4 and 2, 2, -1, and -3, respectively. This
implies an ordering of (Al, AZ)‘ A3, and A4. Since the number of "wins',

"losses', and "ties'" must add up to (m-1), not only '"wins' but also'losses"

and '"ties' are considered in the Copeland method.
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Table S.1. Preference rankings by four MADM methods

MADM Methods Ave rage 3 ?,f,l
¥
{ |
v
g A ) 2 1 4 2 |
L 1 3
- 2 1 2 1 1.5
e AZ
! 3 3 4 2 3
| Ay
J A 4 4 3 3 3.5
4

Table 5.2. Majority vote between alternatives

: Al A, A, A, IC
N -
[ Al —_ X M?* M 2
A2 X — M M 2
A3 X X - M 1
| A, X X X - 0 “
e o e f
- ! i - . ,
LR 0 0 2 3 '

*
An M in the 1, j cell implies that (A. M A.), which also
implies that an X appears in the i, j cell; implying not
(A, M Aj).
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From the above observation one can see that each ordering strategy
views the original rank-ordercd data of the four MADM methods from different
perspectives. This represents a rich source of analytical information

if it can be meaningfully synthesized. The next phase presents a method

for synthesizing all this information, j

Synthesis Phase:

This phase attempts to reach consensus among three ordering strategies

through the construction of a partially ordered set (Poset) [79a, 94].

The procedure is based on a method described by Dushnik and Miller [79a]

-
———

whereby a set of linear orders can be aggregated to form a poset. For

example, if one has the set of orderings

K = {01, 02}

0, 1s A, > A > A3 > A4

and

O2 is A2 > A149 A3 > A4

and all the elements of 01 and O2 come Arom the same set, i.e., S = {Al,

A2, A3, A4}, then, the partial order P1 can be formed:

@%Q“J{S’me@m?{@

. ro !

Aq

where A4 is-always less preferable to any other element, and A:5 is always

less preferable to Al and A_. The elements Al and A2 are not comparable

. . . d i ]
in Pl since 1in 01, Al > A2 and in 02, A2 > Al
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Therefore, in constructing a partially ordered set P from a collection
of linear orderings K (all the orders contain elements from a common

set S), one uses the following procedure:
_For any pair of elements X1s X, in S, Xp <X, in P, if and only

if X; <X, in every linear order of K. A partial order so obtained will

be said to be realized by the linear orders of K.
This method does not need to be modified in order to handle the tie
cases. The same rule applies: only in the case of ties (between X\ and

XZ) it is nct true that X, < X, and it is not true that X, < X» SO they

are deemed incomparable.

The poszt of the illustrative example in the aggregation phase has
the same structure as Pl above.

It is important to note that the poset construction preserves the
uniqueness of each component ordering. One attribute is placed above another
if and only if it is above it in all the component orderings. Theré}ore,
the similarities of the component orderings are preserved and highizghted.

In fact, if all the component orderings are ide?tical, the resultant poset

is an exact reproduction of the component ordering.

A Hypothetical Example:

A MADM problem with eight attributes is considered. After the screening
phase the numbsr of alternatives is reduced to seven. Table 5.3 shows

the results of the preference ordering phase,

The mean rank order (over four MADM methods) is given in the last ;

2 “

column of Table 5.3. The results of majority vote are given in Table 5.4, '
Agzregate ranking by Borda method and Copeland methods can be obtained
by reading the descending order of ECi and (ECi - ERi) of Table 5.4, respectively,

The three sets of aggregate preference rankings are given in Table 5.5.
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Preference rankings by four MADM methods,

Table 5.3.

AVE

MADM methods

ELECTRE

TOPSIS

SAW

LAM

4.5

3.5
2.5

)
N

25

2.

Majority vote between alternatives.

Table 5.4.

e

tC

P A S S
> < S

¢ _¢
= ] 2 o= =

~ N ™M <

< < < < <
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Fig. 5.4 shows the partially ordered sef'féélized by the orderings
of Table 5.5. The poset is composed of four levels where there is disagree-
ment among the alternative orderings. The poset reflects this by making
the associated alternatives incomparable (i.e., tied relationship), e.g

i

A; and A7 in level 4 and Al’ AZ’ and A6 in level 2. This is the final
preference ranking which a DM expects to get by supplying a set of weights

on attributes,.

On Future Study:

Uncertainty in attribute values: In our review we have assumed that
each attribute value was known, and that that value was unique. But we
recognize that the information availlable to the DM is often highly uncertain,
especially in research and development decision making. There are various
ways of representing the decision maker's uncertainty. The simplest way
is to use expected values for each attribute value and then treat the problem
as one of certainty choice. A second and more computationally demanding
procedure is«to use an interval or range of values rather than a point
estimate of attribute values. Some MADM methods such as dominance, dis-
junctive, conjunctive, and lexicographic method may somehow be modified
to treat problems with uncertainty in attributes values, but the extension
to’ggher mEthods becomes computationally too cumbersome to be effective.

A third and most complex way to account for attribute value with uncertainty

is by introducing probability distribution. A recent approach to apply

fuzzy set theoiy [217, 453] to MADM methods aims to overcome these difficultiks.
Bellman and Zadeh [19] have shown its applicability to MCDM study, and 3
Yager and Basson [440]; and Bass and Kwakernaak [8, 257] introduce maximin

and simple additive weighting method using membership function of the fuzzy

set. Many efficient MADM methods are waiting for accommodation to the

attribute value uncertainty.
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Table 5.5. Aggregate preference raﬂkiﬂg from thfeg %echniques.

Rank Average Borda Copeland
st
lnd A7 A4,A7 A4
2 A A
rd 4 7.
3 A A A
th 3 3 3
4 A A A LA
th 6 1 1’76
5 A A_L,A
th 1 276
6 A A
th 2 2
7 AS AS A5

Level

Fié. 5.4. -The partially ordered Set of Table 5.5.
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Uncertainty in outcomes (conseqﬁences): The multiattribute utiiity
theory (MAUT) has been developed for handling uncertainty in‘outcomes.
But MAUT is one of the most confusing topics of MADM study mainly due to
its sophisticated nature (assumption) and the difficulty in the assessment
of utility function. Furthermore, most of the literature is filled with
mathematical prcofs. Though the aim of most theoretical work in MAUT is
the investigation of possibilities for simplifying the task of MAUT assessment,
there remains a certain amount of skepticism concerning the practical use-
fulnecs of MAUT. Research efforts should be directed to the user oriented
transformation of MAUT. A busy DM needs a MAUT assessment technique which
can be easily tzught and used, theugh it may lack the theoretical clegance
of techniques proposed by, for example, Keeney and Raiff? [BM—IS];

Multiple decision makers: Throughout this study it is assumed that

there is a single DM (or a group with ‘one voice') who articulates pref-
erences. One areca which seems to-be very ipportant is multiple decision
mak€rs or group decisionmaking. Conjunctive method (satisficing method)

may be directly applied in this situatiob if each DM imposes different

A St e o N b s e e i e e e g e et e
e e A B R T T D L R Sy e P el

constraints. And it is possible to use most MADM methods if group consensus
can be obtained about the preference information. For instance, the pref-
erence information on attribute weight can be merged in some ways: the

arithmetic mean [56}, and weighted average depending upon the individual's

power in a group [305,365a]. But each DM may have conflicting opinions as to

. - . . . - R e
(1) selection of decision criteria (attributes), (2) determination of attribute

]
] o

weight, (3) selection of evaluation methad, etc. The group problem cef%%inly'

has difficulties not presented in the single DM problem. Tell [399] proposes ~
thé.révised Delphi procedures to handle these compounded difficulties.

However, not much has been done in the way of developing methodology for

approaching the group problem [64, 302, 399, 407]. It is hoped that this

area will get more attention from researchers in future.
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The development of methods for the "fuzzy' area which combines MADM
and MODM prpblehs may be a topic for future research. Many multiple criteria
decision making problems blend seclection (MADM) and design (MODM) of al-
ternatives. Except for utility function methods which are used in both
MADM and MODM, few applicable methods are available.

Comparative evaluation of MADM methods: Since most methods have not

been tested by many real-world problems, we cannot yet discuss in depth

the advantages, disadvantages, applicability, computational complexity,

difficulty, etc., of each method. A large variety of problems approached
by the various methods will provide comparative analysis of the methods,
This kind of activity should be carried out and continued for some time
to come. The importance of applying MADM methods to solving real-world

problems cannot be overemphasized.
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